
Shuvrqqho Hfrqrplfv

Hgzdug S1 Od}hdu

Uhsruw e| Olqgd Wrrovhpd/ Xqlyhuvlw| ri Jurqlqjhq�

4 Lqwurgxfwlrq

Wklv lv d uhsruw rq wkh ohfwxuhv rq shuvrqqho hfrqrplfv jlyhq e| surihvvru Hgzdug S1 Od}hdu

dw wkh QDNH Zrunvkrs lq Wloexuj/ Mxqh 4<<<1

Wkh vxe�hog ri shuvrqqho hfrqrplfv lv d uhodwlyho| |rxqj uhvhdufk duhd/ irxqghg derxw

�iwhhq |hduv djr e| surihvvru Od}hdu1 Lw dssolhv hfrqrplf dqdo|vlv wr shuvrqqho/ wkdw lv/

lw xvhv dq hfrqrplf dssurdfk wr lqyhvwljdwh wrslfv olnh kxpdq uhvrxufhv/ frpshqvdwlrq

phwkrgv/ klulqj dqg �ulqj/ dqg prwlydwlqj ri hpsor|hhv1 Shuvrqqho hfrqrplfv vkrxog qrw

eh frqixvhg zlwk djhqf| wkhru|1 Wkh pdlq fkdudfwhulvwlf ri wkh vshfl�f uroh ri shuvrqqho

hfrqrplfv lv wkdw lw dwwhpswv wr dgg vwuxfwxuh dqg d ohyho ri ghwdlo wr hfrqrplf wkhrulhv

+h1j1 djhqf| wkhru|, lq vxfk d zd| wkdw wkh wkhrulhv dqg wkhlu suhglfwlrqv fdq eh dssolhg

wr exvlqhvv vlwxdwlrqv1 Wkxv/ lw dggv hfrqrplf wkhru| wr wkh sv|fkrorjlfdo dqg vrflrorjlfdo

wkhrulhv ri shuvrqqho1

Wklv uhsruw vxppdul}hv wkh ydulhw| ri wrslfv wkdw zdv glvfxvvhg e| surihvvru Od}hdu

gxulqj wkh zrunvkrs lq rughu wr suhvhqw dq ryhuylhz ri wkh duhd ri shuvrqqho hfrqrplfv1

Iluvw/ kxpdq fdslwdo wkhru| lv h{dplqhg lq Vhfwlrq 51 Wklv wkhru| surylghv dq lqwurgxfwlrq

lqwr wkh uhodwlrqvkls ehwzhhq �up dqg hpsor|hh dv zhoo dv d edvlv iru rwkhu prghov1 Wkhq/

Vhfwlrq 6 glvfxvvhv wkh lvvxhv ri vruwlqj/ l1h1 vhoi0vhohfwlrq ri hpsor|hhv/ dqg lqfhqwlyhv lq

wkh frqwh{w ri fkrrvlqj dq +devroxwh, frpshqvdwlrq phwkrg1 Vhfwlrq 7 suhvhqwv wkh wkhru|

ri uhodwlyh frpshqvdwlrqv/ ru wrxuqdphqw wkhru|1 Vhfwlrq 8 lqwurgxfhv zrun0olih lqfhqwlyh

vfkhphv/ dqg glvfxvvhv wrslfv olnh ex|0rxwv dqg shqvlrqv1 Lq Vhfwlrq 9/ hpsrzhuphqw

wkhru| lv rxwolqhg1 Vhfwlrq : vxppdul}hv vrph pdlq lvvxhv lq lqwhuqdwlrqdo �upv1 Vhfwlrq

; frqfoxghv1
�Idfxow| ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Sk= .640+3,830

69607868> Id{= .640+3,8306960:66:> Hpdlo= o1d1yhogpdqChfr1uxj1qo1
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5 Kxpdq Fdslwdo

Kxpdq fdslwdo ri dq hpsor|hh fdq eh hlwkhu jhqhudo ru �up0vshfl�f1 Jhqhudo kxpdq

fdslwdo lv ydoxdeoh dw dw ohdvw rqh rwkhu �up wkdq wkh �up zkhuh wkh hpsor|hh lv fxuuhqwo|

hpsor|hg1 Wkdw lv/ jhqhudo kxpdq fdslwdo lv vxemhfw wr frpshwlwlrq1 Ilup0vshfl�f kxpdq

fdslwdo/ krzhyhu/ fdq eh ghvfulehg dv vnloov wkdw pdnh rqh pruh surgxfwlyh rqo| lq wkh

fxuuhqw �up1 Krz gr wkhvh w|shv ri kxpdq fdslwdo d�hfw zdjhv dqg wxuqryhu udwhvB

Iluvw frqvlghu jhqhudo kxpdq fdslwdo1 Ohw � eh wkh surgxfwlylw|/ l1h1 wkh ydoxh ri wkh

jhqhudo kxpdq fdslwdo dw wkh fxuuhqw �up/ ri d qrq0lqyhvwru/ dqg ohw T eh wkh surgxfwlylw|

ri dq lqyhvwru1 Erwk � dqg T duh ixqfwlrqv ri djh +zklfk uxqv iurp vrph srvlwlyh qxpehu

wr A ,1 Jhqhudo kxpdq fdslwdo fdq eh ghvfulehg e| irxu fkdudfwhulvwlfv1 Iluvw/ iru orz djh

zh kdyh T 	 �/ wkdw lv/ vrph lqfrph lv iruhjrqh lq rughu wr lqyhvw1 Revhuyh wkdw wklv

iruhjrqh lqfrph zloo kdyh wr eh sdlg e| wkh zrunhu/ ehfdxvh lw lv lqyhvwhg lq jhqhudo kxpdq

fdslwdo1 Ehfdxvh ri wklv lqyhvwphqw/ iru kljk djh/ T : �1 Vhfrqg/ � lv krul}rqwdo/ zkhuhdv

T lv xszdug vorslqj1 Surgxfwlylw| ulvhv ryhu wlph zlwk djh iru dq lqyhvwru1 Wklug/ T lv

frqfdyh1 Wkhuh duh wzr uhdvrqv wkdw h{sodlq wklv idfw= ehfdxvh ri �qlwh olih/ lqyhvwphqw dw

rog djh sd|v ohvv/ dqg wkh �uvw wklqjv wkdw d shuvrq ohduqv duh wkh prvw lpsruwdqw +h1j1

uhdglqj,1 Ilqdoo|/ wkh duhd ehwzhhq � dqg T iru T 	 � +orz djh, lv vpdoohu wkdq wkh duhd

ehwzhhq T dqg � iru T : � +kljk djh,= zlwk dq| uhdvrqdeoh lqwhuhvw udwh/ wkh lqyhvwphqw

sd|v r�1

Qrz wxuq wr �up0vshfl�f kxpdq fdslwdo/ ghqrwhg e| T �1 Zlwk lqyhvwphqw/ T � lv dq lq0

fuhdvlqj dqg frqfdyh ixqfwlrq ri djh1 Lq wklv fdvh/ wkh �up zloo sd| vrph ri wkh lqyhvwphqw1

Krzhyhu/ lw zloo qrw sd| hyhu|wklqj/ vlqfh wkh zrunhu pd| ohdyh wkh �up1 Krz fdq wklv

uhvxow eh rewdlqhgB Frqvlghu d �up wkdw surplvhg wr sd| d fhuwdlq zdjh zkhq lw �uvw kluhg

wkh zrunhu/ exw qrz zdqwv wr orzhu zdjhv1 Wkh �up pd| sursrvh wr sd| d zdjh htxdo wr

�/ wkh surgxfwlylw| ohyho zlwkrxw lqyhvwphqw zklfk lv djdlq lqghshqghqw ri djh1 Krzhyhu/

lq wklv fdvh/ wkh zrunhu pd| wkuhdw wr ohdyh/ dqg d edujdlqlqj sureohp dulvhv1 Erwk wkh

�up dqg wkh zrunhu nqrz wkdw wklv sureohp zloo rffxu h{ dqwh1 Wkh xvxdo vroxwlrq wr wklv

sureohp lv d zdjh sur�oh` wkdw xvhv d vkdulqj uxoh= wkh �up sd|v vrph ri wkh lqyhvwphqw/

dqg wkh zrunhu lq wxuq dffhswv d zdjh wkdw lv orzhu wkdq T � zkhqhyhu T � : �1 Wkdw lv/

iru orz djh zh kdyh T � 	 ` 	 �/ dqg iru kljk djh zh kdyh � 	 ` 	 T �1

Lq rughu wr h{dplqh krz wkh zdjh sur�oh ` lv ghwhuplqhg/ frqvlghu d edujdlqlqj

sureohp zlwk rqo| wzr shulrgv1 Ohw lqglfhv wr wkh yduldeohv ghqrwh wkh shulrg/ vxfk wkdw

lq shulrg 4 zh kdyh T �

�
	 ��/ dqg lq shulrg 5/ T �

2
: �21 Iluvw/ qrwh wkdw wkh htxloleulxp

uhtxluhv wkh zrunhu wr uhpdlq hpsor|hg e| wkh �up lq shulrg 5/ wkdw lv/ wkh zrunhu zloo

qrw txlw dqg zloo qrw eh �uhg1 Wklv lpsolhv �2 � `2 � T �

2
1 Vhfrqg/ lq htxloleulxp/
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erwk wkh �up dqg wkh zrunhu fdqqrw orrvh prqh| rq wkh ghdo/ vr T �

�
�`� n T �

2
�`2 dqg

`� ���n`2 ��2 duh qrqqhjdwlyh1 Wklug/ frpshwlwlrq rq wkh oderu pdunhw lpsolhv wkdw

d �up fdqqrw pdnh sur�wv rq zrunhuv= `�n`2 ' T �

�
nT �

2
1 Vroylqj wkh prgho/ zh vhh wkdw

wkh htxloleulxp h{lvwv li dqg rqo| li wkh frqglwlrq T �

�
n T �

2
� �� n �2 lv vdwlv�hg1 Revhuyh

wkdw wklv lv wkh frqglwlrq iru h!flhqf|1 Li wklv frqglwlrq zhuh ylrodwhg/ wkh �up zrxog qrw

hyhq zdqw wr surgxfh1 Wkhuhiruh/ zh fdq frqfoxgh wkdw wkh htxloleulxp dozd|v h{lvwv1

6 Vruwlqj dqg Lqfhqwlyhv

Wkh rswlpdo frpshqvdwlrq vfkhph iru d ulvn0qhxwudo zrunhu pxvw eh h!flhqw rq wzr dvshfwv

+Od}hdu +4<;9,,1 Iluvw/ lw pxvw lqgxfh wkh uljkw w|sh ri zrunhu wr frph wr zrun iru wkh

�up1 Wkdw lv/ lw vkrxog lpso| vhoi0vhohfwlrq/ ru vruwlqj/ ri zrunhuv1 Vhfrqg/ lw pxvw surylgh

wkh zrunhuv hpsor|hg e| wkh �up zlwk dq lqfhqwlyh wr sxw iruwk wkh rswlpdo ohyho ri h�ruw1

Wkh rswlpdo frpshqvdwlrq phwkrg wkhuhiruh fdq eh ghulyhg lq wzr vwhsv1 Lq wkh �uvw vwhs/

wkh oderu vxsso| ri wkh zrunhu lv ghwhuplqhg iru d jlyhq frpshqvdwlrq vwuxfwxuh1 Lq wkh

vhfrqg vwhs/ wkh �up fkrrvhv wkh frpshqvdwlrq vfkhph wkdw pd{lpl}hv lwv sur�wv/ jlyhq

wkh zrunhu*v oderu vxsso| ehkdylru1 Lq wklv vhfwlrq/ zh �uvw glvfxvv vruwlqj1 Wkhq/ zh wxuq

wr wkh dqdo|vlv ri lqfhqwlyhv/ dqg �qdoo|/ zh uhwxuq wr wkh lvvxh ri vruwlqj e| glvfxvvlqj d

prgho ri suredwlrq1

Vruwlqj

Dv d �uvw lqwurgxfwlrq rq vruwlqj/ frqvlghu d vlpsoh prgho ri suredwlrq lq wkh vlwxdwlrq

lq zklfk wkhuh duh erwk vnloohg dqg xqvnloohg zrunhuv wkdw fdq eh kluhg e| wkh �up1 Wkh

surgxfwlrq ohyho ri vnloohg zrunhuv lv kljkhu wkdq wkdw ri xqvnloohg zrunhuv/ exw wkh zdjhv

wkh| uhtxluh/ l1h1 wkhlu dowhuqdwlyh zdjhv/ duh dovr kljkhu +vd|/ '53 iru vnloohg zrunhuv dqg

rqo| '43 iru xqvnloohg zrunhuv,1 Lw fdq eh vkrzq wkdw wkh pruh fdslwdo0lqwhqvlyh wkh �up

+l1h1 wkh kljkhu wkh �{hg frvw ri surgxfwlrq,/ wkh pruh olnho| lw lv wkdw vnloohg zrunhuv duh

uhodwlyho| fkhdshu dqg wkhuhiruh suhihuuhg1 D uhdo0zruog h{dpsoh ri wklv skhqrphqrq lv d

Fklhi H{hfxwlyh R!fhu +FHR,/ zkr fdq eh khog uhvsrqvleoh iru wkh hqwluh vwrfn ri fdslwdo

ri wkh �up/ dqg zkr lv xvxdoo| suhihuuhg wr eh vnloohg1 Dvvxph wkdw lw lv wkh fdvh wkdw wkh

vnloohg zrunhuv duh suhihuuhg/ exw wkh �up fdqqrw glvwlqjxlvk h{ dqwh zkhwkhu d zrunhu lv

vnloohg ru xqvnloohg1 Wkdw lv/ dq xqvnloohg zrunhu pd| suhwhqg wr eh d vnloohg zrunhu lq

rughu wr eh sdlg wkh kljkhu zdjh1 Zlwk uhvshfw wr klulqj dqg �ulqj ri zrunhuv/ wkhuh duh

wzr w|shv ri huuruv1 Wkh �uvw lv wkdw ri �ulqj d *jrrg jx|* +d vnloohg zrunhu, dqg wkh vhfrqg

wkdw ri uhwdlqlqj d *edg jx|* +dq xqvnloohg zrunhu,1 Dvvxph khuh wkdw wkh �uvw w|sh ri huuru

grhv qrw rffxu/ dqg frqfhqwudwh rq wkh vhfrqg w|sh ri huuru1 Wkhuh duh wzr shulrgv/ wkh
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�uvw ri zklfk lv wkh suredwlrq shulrg1 Lq rughu wr dwwudfw wkh vnloohg zrunhuv wr frph wr

zrun iru wkh �up/ wkh vxp ri wkh zdjhv ri wkh wzr shulrgv/ `� n`2/ vkrxog eh juhdwhu

wkdq ru htxdo wr '731 Dvvxph wkdw htxdolw| krogv khuh/ ehfdxvh wkh �up pd{lpl}hv lwv

sur�wv1 Ixuwkhu/ lq rughu wr lqgxfh xqvnloohg zrunhuv wr vwd| dzd|/ wkh sd|phqw vfkhph

r�huhg e| wkh �up vkrxog vdwlvi| `� n R`2 n E� � R��f 	 2f/ zkhuh R lv wkh suredelolw|

wr pdnh lw sdvw suredwlrq1 Li zh dvvxph R ' f�b/ wkhvh frqglwlrqv lpso| `2 : 2�f dqg

`� 	 ��.f1 Wklv phdqv wkdw hyhq d vnloohg zrunhu +d *jrrg jx|*, vkrxog sxw xs ryhu irxu

wlphv klv olihwlph surgxfwlylw| ri '73 lq wkh �uvw shulrg$ Lq wklv h{dpsoh/ suredwlrq fohduo|

zloo qrw zrun1 Wklv vkrzv wkdw lq rughu iru suredwlrq wr zrun/ wkh dowhuqdwlyhv ri wkh wzr

jurxsv +wkh zdjhv wkdw wkh| fdq hduq vrphzkhuh hovh, vkrxog qrw eh yhu| gl�huhqw/ dqg

vfuhhqlqj vkrxog zrun yhu| zhoo +l1h1 R lv forvh wr }hur/ ru wkh suredelolw| ri uhwdlqlqj d

jrrg zrunhu lv odujhu wkdq wkh suredelolw| ri uhwdlqlqj d edg zrunhu,1

Qrz frqvlghu d pruh jhqhudo prgho ri frpshqvdwlrq phwkrgv +glvfxvvhg lq pruh ghwdlo

lq Od}hdu +4<<8/ Fk1 5,,/ lq zklfk wkhuh h{lvwv d vhsdudwlqj htxloleulxp lq zklfk vrph

zrunhuv duh sdlg d slhfh udwh/ dqg rwkhuv duh sdlg d �{hg udwh ru vdodu|1 Ohw ^ ghqrwh

wkh surgxfwlylw| ri d zrunhu +zklfk zloo dovr eh xvhg wr lghqwli| wkh zrunhu,/ zlwk ghqvlw|

sE^� dqg ^ 5 d^4�?c ^4@ o/ dqg ohw w ghqrwh wkh frvw wr d zrunhu ri klv surgxfwlylw| ehlqj

phdvxuhg1 Zlwk d slhfh udwh/ wkh zrunhu zloo hduq ^ � w/ vr li wkhuh lv dq| zrunhu wkdw

zdqwv wr eh phdvxuhg/ lw zloo eh ^4@ 1 Ohw ^W ghqrwh wkh zrunhu zkr lv lqgl�huhqw ehwzhhq

d slhfh udwh dqg d vdodu|1 Wkhq/ doo zrunhuv iru zklfk ^ 	 ^W zloo jr wr wkh vdodu| �up/

dqg wkh vdodu| zloo eh htxdo wr .d^m^ 	 ^Wo1 Wkh frqglwlrq iru ^W wr eh lqgl�huhqw lv

^W � w ' .d^m^ 	 ^Wo1 Wr vkrz wkdw wkh htxloleulxp phqwlrqhg deryh h{lvwv/ wklv htxdwlrq

kdv wr eh vroyhg1 Revhuyh wkdw

.d^m^ 	 ^Wo '
�

8 E^W�

] ^W

^4�?

^sE^�_^

Frqvlghu d qxphulfdo h{dpsoh zlwk xqlirup ghqvlw| sE^� ' �/ zklfk lpsolhv ^W ' 2w/ dqg

ohw w ' f�2D1 Lq wklv fdvh/ d vhsdudwlqj htxloleulxp h{lvwv1 Iru ^ : f�D/ wkh slhfh udwh

zdjh ri ^ � f�2D lv juhdwhu wkdq wkh vdodu| +zklfk htxdov f�2D, dqg wkh zrunhu suhihuv wkh

slhfh udwh1 Vlploduo|/ iru ^ 	 f�D/ wkh vdodu| lv suhihuuhg1 Hylghqwo|/ lq h{wuhph fdvhv/ wkh

vhsdudwlqj htxloleulxp grhv qrw h{lvw1 Iru yhu| kljk w/ ^W : � dqg doo zrunhuv suhihu wkh

vdodu| �up/ dqg vlploduo|/ iru yhu| orz w/ doo �upv zloo eh slhfh udwh �upv1

Wkh prgho ri vdodu| �upv yhuvxv slhfh udwh �upv lv hvvhqwldoo| d vljqdolqj prgho1 Zrun0

huv fdq sxufkdvh d vljqdo dw d frvw ri w1 Krzhyhu/ lq wklv w|sh ri prgho/ wkh vljqdo lv qrw

h!flhqw/ vlqfh hyhu|erg| dw wkh slhfh udwh �up *wkurzv dzd|* w1 Wkdw lv/ vljqdolqj lv zdvwh0

ixo1 Iru wklv uhdvrq/ wkh prgho vkrzv wkdw hyhq li dyhudjh rxwsxw lv kljkhu lq slhfh udwh

�upv/ dyhudjh rxwsxw pd| lqfuhdvh e| lqwurgxflqj d ohjlvodwlrq wkdw irufhv doo �upv wr sd|
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d vdodu|1 Wklv uhvxow lv frxqwhulqwxlwlyh/ ehfdxvh shrsoh pdlqo| wklqn derxw slhfh udwhv dv

lqfhqwlyhv/ zklfk zhuh ljqruhg khuh exw zloo eh glvfxvvhg ehorz1

Lqfhqwlyhv

Frqvlghu wkh vwdqgdug sulqflsdo0djhqw sureohp1 Krz wr ghwhuplqh wkh rswlpdo frp0

plvvlrq ohyho iru d vdohvpdqB Dv zloo eh ghulyhg irupdoo| ehorz/ wkh rswlpdo frpplvvlrq

udwh lv 433 ( li ulvn0qhxwudolw| lv dvvxphg1 Krz fdq wklv kljk udwh eh srvvleohB Iluvw/ wkh

frpplvvlrq udwh vkrxog eh d shufhqwdjh ri sur�wv/ qrw ri vdohv1 Vhfrqg/ wkh �up vkrxog eh

doorzhg wr fkdujh wkh vdohvpdq iru wkh mre1 Dq h{dpsoh ri vxfk d frpshqvdwlrq phwkrg

lv wkdw ri wd{l gulyhuv/ zkr uhqw wkhlu fde dqg sd| iru wkhlu olfhqvh/ dqg wkhq wdnh krph

hyhu|wklqj wkh| hduq1 Wkh uhdvrqv iru kdylqj d frpplvvlrq udwh ri 433 ( duh wr vroyh

wkh sureohp ri prqlwrulqj txdqwlw| +zklfk lq wkh fdvh ri wd{l gulyhuv lv txlwh gl!fxow,/ wr

surylgh lqfhqwlyhv iru wkh zrunhu/ dqg wr vruw rxw pruh dpelwlrxv zrunhuv +l1h1 wr dyrlg

dgyhuvh vhohfwlrq lq klulqj,1 Lq wklv vxevhfwlrq/ zh zloo glvfxvv lqfhqwlyhv/ uhwxuqlqj wr wkh

vruwlqj h�hfw odwhu1

Wkh irupdo dujxphqw iru kdylqj d frpplvvlrq udwh ri 433 ( fdq eh ghulyhg iurp wkh

iroorzlqj vlpsoh prgho +Od}hdu/ 4<<8/ Fk1 5,1 Frqvlghu wkh olqhdu frpshqvdwlrq vfkhph

@nK^��E^�/ zkhuh �E^� lv dq lqfuhdvlqj dqg vwulfwo| frqyh{ frvw ixqfwlrq/ ghvfulelqj oderu

vxsso|1 Wkh zrunhu +h1j1 wkh wd{l gulyhu, pd{lpl}hv wklv frpshqvdwlrq e| ghwhuplqlqj wkh

rxwsxw ohyho ^1 Wkh �uvw0rughu frqglwlrq lv jlyhq e| � �E^� ' K/ zklfk lv lqwxlwlyho| fohdu1

Wkh �up pd{lpl}hv sur�wv/ ^ � E@ n K^� e| ghwhuplqlqj @ dqg K/ vxemhfw wr wkh zrunhu*v

�uvw0rughu frqglwlrq dqg @nK^ � �E^�1 Wkh vhfrqg frqglwlrq lv uhtxluhg ehfdxvh rwkhuzlvh/

qr zrunhuv zloo vkrz xs1 Dvvxph wkdw wklv frqglwlrq krogv zlwk htxdolw| +ehfdxvh wkh �up

grhv qrw zdqw wr sd| pruh wkdq qhfhvvdu|,1 Wkh �uvw0rughu frqglwlrq iru wkh �up fdq

wkhq eh zulwwhq dv d� � � �E^�oY^
YK

' f/ lpso|lqj � �E^� ' �1 Frpelqlqj wklv zlwk wkh �uvw0

rughu frqglwlrq ri wkh zrunhu uhvxowv lq K ' �= d frpplvvlrq udwh ri 433 (1 Lq frpshwlwlyh

htxloleulxp/ wkh uhqwdo sulfh�@ zloo eh wkh pd{lpxp uhqwdo sulfh zklfk vxssruwv dwwudfwlqj

hqrxjk zrunhuv1

Zkdw derxw wkh hpslulfdo hylghqfh rq frpplvvlrq udwhvB Lq jhqhudo/ frpplvvlrq udwhv

duh orzhu wkdq 433 (1 Krzhyhu/ wkhvh udwhv duh xvxdoo| d shufhqwdjh ri vdohv/ qrw ri

sur�wv/ dqg wkhuhiruh/ wkh| pd| eh htxlydohqw wr d 433 (0udwh rq sur�wv1 Wkh uhdvrq zk|

frpplvvlrq udwhv duh xvxdoo| d shufhqwdjh ri vdohv lv wkdw vdohv duh yhul�deoh/ dqg sur�wv

xvxdoo| duh qrw1 Ixuwkhu/ lq wkh uhdo zruog/ lq jhqhudo |rx gr qrw vhh �upv vhoolqj mrev1 Wkh

w|slfdo sd|phqw vfkhgxoh frqvlvwv ri wzr sduwv1 Iru kljk rxwsxw/ vd| ^ � ^W/ wkh hpslulfdo

vfkhgxoh revhuyhg fruuhvsrqgv zlwk wkh wkhruhwlfdo vfkhgxoh1 *Lpsolflwo|*/ wkh zrunhu sd|v

wkh uhqwdo sulfh1 Krzhyhu/ iru orz rxwsxw +^ 	 ^W,/ wkh �up sd|v d �{hg vdodu| htxdo wr

wkh wkhruhwlfdo frpshqvdwlrq dw ^ ' ^W/ zklfk lv ehorz wkh pdunhw zdjh1 Wkdw lv/ lq wkh
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hpslulfdo vfkhgxoh/ sd|phqwv wr wkh zrunhu fdqqrw idoo ehorz d fhuwdlq ohyho1 Krzhyhu/

li wkh zrunhu riwhq kdv d orz rxwsxw ^ 	 ^W/ kh zloo eh �uhg1 Ilqdoo|/ wkh uhqwdo sulfh

�@ ghshqgv rq wkh dprxqw ri fdslwdo wkh zrunhu zrunv zlwk1 Iru h{dpsoh/ gulyhu0rzqhg

wd{lfdev xvxdoo| duh lq ehwwhu vkdsh wkdq uhqwhg fdev1 Xvlqj d frpplvvlrq udwh ri 433 (

hylghqwo| grhv qrw vroyh doo sureohpv1 Wkh gulyhu grhv qrw kdyh dssursuldwh lqfhqwlyhv wr

fduh iru wkh fde +fdslwdo, kh xvhv1 Iru vwrfn eurnhuv/ d vlplodu uhvxow krogv1 Wkh lpsolflw

uhqwdo sulfh �@ lv odujhu iru �upv zlwk ehwwhu uhsxwdwlrq +Howrq +4<<4,,1 Wklv uhvxow lv

lqwxlwlyh/ vlqfh lw lv hdvlhu wr vhoo vwrfn zkhq zrunlqj iru d �up zlwk ehwwhu uhsxwdwlrq1

Vlplodu uhdvrqlqj fdq eh dssolhg wr Dphulfdq irrwedoo sod|huv/ iru zkrp wkh srvvlelolw|

ri qhjrwldwlqj rq wkhlu rzq ehkdoi kdv uhvxowhg lq pruh lqmxulhv/ dqg wr wkh wuhdwphqw ri

vodyhv +Irjho dqg Hqjhupdq +4<;<,,1

Djdlq frqvlghu wkh vdodu| vfkhph yhuvxv wkh slhfh udwh vfkhph1 Wkh vdodu| vfkhph

frqvlvwv ri d �{hg vdodu| ` / zklfk lv sdlg wr wkh zrunhu li dqg rqo| li klv h�ruw e lv deryh

d plqlpxp h�ruw ohyho ef1 Wkdw lv/ li e 	 ef/ wkh zrunhu hduqv qrwklqj/ dqg li e � ef/ kh

hduqv ` 1 Ehfdxvh zrunhuv olnh prqh| dqg glvolnh h�ruw/ hyhu| zrunhu zloo �qg lw rswlpdo

wr sxw iruwk dq h�ruw ohyho ri ef1 Lq wkh slhfh udwh vfkhph/ deryh d fhuwdlq h�ruw ohyho

eW/ vd| eW : ef/ wkh zrunhu lv sdlg d slhfh udwh lq vxfk d zd| wkdw wkh slhfh udwh zdjh

lv lqfuhdvlqj lq h�ruw dqg kljkhu wkdq wkh vdodu| +dw eW/ wkh slhfh udwh zdjh htxdov wkh

vdodu|,1 Qrz dvvxph wkdw wkh �up xvhg wr kdyh d vdodu| v|vwhp/ exw fkdqjhv wrzdug wkh

slhfh udwh vfkhph1 Lq wklv fdvh/ iru vrph xwlolw|0pd{lpl}lqj zrunhuv/ lw pd| eh rswlpdo

wr lqfuhdvh h�ruw wr d ohyho deryh eW1 Wklv lv wkh lqfhqwlyh h�hfw ri wkh slhfh udwh vfkhph1

Krzhyhu/ revhuyh wkdw wkh fkdqjh dovr kdv dq lpsruwdqw h�hfw rq vruwlqj1 Wkh qhz v|vwhp

dwwudfwv pruh dpelwlrxv zrunhuv/ zkr duh zloolqj wr vhw wkhlu h�ruw ohyho deryh eW/ zklfk

dovr lqfuhdvhv rxwsxw1 Slhfh udwhv ghdo d orw ehwwhu zlwk khwhurjhqhrxv oderu irufh1 Wkxv/

lq pdq| fdvhv/ wklv h�hfw lv hyhq pruh lpsruwdqw wkhq wkh lqfhqwlyh h�hfw1 Ilqdoo|/ revhuyh

wkdw lq wkh vdodu| v|vwhp/ wkhuh lv dovr d vwurqj lqfhqwlyh h�hfw1 Li wkh h�ruw ohyho idoov

ehorz ef/ wkh zrunhu lv �uhg/ zklfk surylghv dq lqfhqwlyh wr sxw iruwk dq h�ruw ohyho ri dw

ohdvw ef1 Krzhyhu/ wklv frpshqvdwlrq vfkhph lv glvfrqwlqxrxv1

Iru d irupdo dqdo|vlv ri lqfhqwlyhv dqg wkh suhihuhqfh iru d slhfh udwh v|vwhp/ ohw wkh

xwlolw| ri d zrunhu eh ghvfulehg e| klv lqfrph ` plqxv wkh sdlq ri klv h�ruw +lq grooduv,/

�Ee�*�1 Khuh/ �E�� lv djdlq dq lqfuhdvlqj/ vwulfwo| frqyh{ ixqfwlrq> e uhsuhvhqwv h�ruw +lq

grooduv zruwk ri rxwsxw,> dqg � lv wkh zrunhu*v delolw| ohyho/ zklfk lv dovr xvhg wr lghqwli|

wkh zrunhu1 Iru wkh plqlpxp uhtxluhg ohyho ri h�ruw ef/ ohw �f eh wkh delolw| ohyho iru zklfk

` ' �Eef�*�1 Hyhu| zrunhu zlwk � � �f fdq gr wkh mre> hyhu| zrunhu zlwk � : �f fdq

gr wkh mre zlwk ohvv sdlq wkdq �f fdq1 Ohw -E�� ghqrwh wkh xwlolw| ri wkh ehvw dowhuqdwlyh

iru dq lqglylgxdo zlwk xwlolw| ohyho �1 Erwk `� �Eef�*� dqg -E�� duh lqfuhdvlqj dqg
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frqfdyh ixqfwlrqv ri �1 Dvvxph wkdw -E�f� lv qhjdwlyh1 Ohw �� ghqrwh wkh ydoxh ri � iru

zklfk wkh wzr fxuyhv lqwhuvhfw1 Wkhq doo zrunhuv zlwk � 5 d�fc ��o zloo zrun dw wkh �up1

Ohw wkh �up*v remhfwlyh eh

4@ 
eJc`

] ��

�f

Eef �` �}E��_� ' 4@ 
efc`

%
ef � �Eef�

�f

&
dCE����CE�f�o

Wklv fruuhvsrqgv zlwk d vhdufk prgho zlwk xszdug vorslqj oderu vxsso|1 Wkh remhfwlyh

ixqfwlrq ri wkh �up fdq eh lqwhusuhwhg dv wkh sur�w shu zrunhu wlphv wkh qxpehu +sursru0

wlrq, ri zrunhuv dwwudfwhg e| wkh �up1 Wkh �uvw0rughu frqglwlrq zlwk uhvshfw wr ef lpsolhv

wkdw � �Eef�*�f : �1 Frpsduhg wr wkh rswlpdo frpshqvdwlrq vfkhph ghulyhg deryh/ wklv

vkrzv wkdw wkh plqlpxp delolw| zrunhu lq wkh �up lv irufhg wr zrun wrr kdug/ dqg wkh

pd{lpxp delolw| zrunhu lq wkh �up lv irufhg wr zrun wrr vorz1 Hyhq wkrxjk wkh vfkhg0

xoh grhv surylgh lqfhqwlyhv/ wkh +vlqjoh, vfkhgxoh grhv qrw doorz iru khwhurjhqhlw| dprqj

zrunhuv1

D Prgho ri Suredwlrq

Qrz ohw xv uhwxuq wr wkh lvvxh ri suredwlrq/ dqg vwduw zlwk d qxphulfdo h{dpsoh1 Vxs0

srvh djdlq wkdw wkhuh duh wzr w|shv ri zrunhuv/ ulvn| zrunhuv dqg vdih zrunhuv1 D vdih

zrunhu surgxfhv dq rxwsxw ri '533/333 shu |hdu/ dqg frvwv '433/333 shu |hdu1 D ulvn|

zrunhu dovr frvwv '433/333/ exw kh zloo hlwkhu wxuq rxw wr eh d jrrg zrunhu/ zlwk surgxf0

wlrq htxdo wr '833/333/ zlwk suredelolw| 318 ru d edg zrunhu/ zlwk surgxfwlrq 0'433/333/

zlwk suredelolw| 3181 Diwhu 68 |hduv/ zkdw lv wkh ydoxh +qhw ri frvwv, ri hdfk zrunhu wr

wkh �upB Wkh ydoxh ri wkh vdih zrunhu lv '618 ploolrq/ dqg wkh h{shfwhg ydoxh ri wkh ulvn|

zrunhu lv '91< ploolrq +'47 ploolrq li kh wxuqv rxw wr eh jrrg/ dqg 0'533/333 li kh wxuqv

rxw wr eh edg/ lq zklfk fdvh kh lv �uhg diwhu rqh |hdu,1 Wklv dujxphqw vkrzv wkdw lw pd|

eh sur�wdeoh wr kluh d ulvn| zrunhu/ ehfdxvh wkh ulvn| zrunhu kdv dq rswlrq ydoxh/ zklfk

lqfuhdvhv zlwk wkh yduldqfh ri wkh rswlrq1

Lq htxloleulxp/ wkh pdujlqdo �up kdv wr eh lqgl�huhqw ehwzhhq wkh ulvn| dqg wkh vdih

zrunhu1 Zh zloo qrz xvh d pruh irupdo dssurdfk/ suryh wkdw wkh htxloleulxp h{lvwv/ dqg

ghulyh wkh htxloleulxp zdjh1 Ghqrwh wkh rxwsxw ri wkh vdih zrunhu e|� / dqg wkh rxwsxw ri

wkh ulvn| zrunhu e| � n7�/ zkhuh � lv udqgrp zlwk .E�� ' � dqg 7� lv d �up0vshfl�f

frpsrqhqw iru �up � zlwk .E7� ' f1 Wkh suredwlrq shulrg odvwv xqwlo wlph � / dw zklfk

prphqw wkh �up kdv wr ghflgh zkhwkhu ru qrw wr nhhs wkh zrunhu1 Ohw`A ghqrwh wkh zdjh

diwhu sdvvlqj wkh suredwlrqdu| shulrg/ wkdw lv/ iurp wlph � xqwlo wlph A 1 Frqvlghu wkh �up

dw zklfk wkh zrunhu lv lqlwldoo| kluhg/ vd| �up 41 Lq rughu iru wkh �up wr zdqw wr nhhs d

ulvn| zrunhu/ wkh frqvwudlqw � n 7� : `A vkrxog eh vdwlv�hg1 Ehfdxvh ri frpshwlwlrq rq

wkh oderu pdunhw/ `A vkrxog dovr eh wkh zdjh dq rxwvlgh �up/ vd| �up �/ � 9' �/ zrxog eh
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zloolqj wr sd| diwhu wlph � 1 Wkdw lv/ vxssrvh �up � pdnhv d mre r�hu wr �up 4*v zrunhu1

Wkh zdjh r�huhg lv jlyhq e|

`A ' .d� n 7�m� n 7� � `A o

zkhuh wkh frqglwlrqdo sduw iroorzv iurp wkh idfw wkdw �up � nqrzv wkdw wkh zrunhu kdv

ehhq surprwhg1 Wr suryh wkdw dq htxloleulxp h{lvwv/ zh qhhg wr vkrz wkdw d �{hg srlqw

h{lvwv1 Iluvw frqvlghu `A ' 4�?E��1 Lq wkdw fdvh/ wkh ohiw0kdqg vlgh lv vpdoohu wkdq wkh

uljkw0kdqg vlgh1 Vlploduo|/ iru `A ' 4@ E��/ wkh ohiw0kdqg vlgh lv juhdwhu wkdq wkh uljkw0

kdqg vlgh1 Pdnlqj xvh ri wkh �{hg0srlqw wkhruhp/ wklv vkrzv wkdw wkhuh h{lvwv d ydoxh ri

`A vxfk wkdw htxdolw| krogv/ dqg wkh htxloleulxp h{lvwv1

Wkh htxloleulxp frqglwlrq iru klulqj ulvn| zrunhuv lv jlyhq e| }hur sur�wv iru wkh �up

ryhu olihwlph/ wkdw lv/ zdjhv sdlg vkrxog htxdo rxwsxw surgxfhg1 Diwhu uhduudqjlqj/ wklv

jlyhv

`� ' � n
e3o� � e3oA

�� e3o�
R- d.d� n 7�m� n 7� � `A o�`A o

zkhuh R- ghqrwhv wkh suredelolw| ri uhwdlqlqj d ulvn| zrunhu1 Vlqfh zdjhv iru vdih zrunhuv

htxdo � / wklv vkrzv wkdw zdjhv iru ulvn| zrunhuv +sdlg gxulqj wkh suredwlrq shulrg, htxdo

wkh zdjh iru vdih zrunhuv soxv wkh suhvhqw ydoxh ri wkh suredelolw| ri ehlqj uhwdlqhg wlphv

wkh suhplxp ri jrrg zrunhuv1

Zlwk uhvshfw wr wkh vl}h ri � dqg A / wkh prgho vkrzv wkdw |rxqjhu zrunhuv duh suhihuuhg1

Wkhuh lv pruh wlph wr h{sorlw jrrg |rxqjhu zrunhuv/ vlqfh iru wkhp A � � lv odujhu1 Wkh

rswlrq ydoxh ri d |rxqjhu zrunhu lv odujhu wkdq wkdw ri dq roghu zrunhu1 Wklv lv h{dfwo|

zkdw lv revhuyhg lq wkh uhdo zruog= iru d jlyhq zdjh/ |rxqjhu zrunhuv duh suhihuuhg ryhu rog

zrunhuv1 D vlplodu uhdvrqlqj krogv zlwk uhvshfw wr |rxqj yhuvxv rog lqgxvwulhv1 D |rxqj

lqgxvwu| kdv d orqjhu wlph krul}rq A / dqg zloo suhihu ulvn| zrunhuv pruh/ vlqfh wkhuh lv

pruh wlph wr h{sorlw wkhp1

7 Wrxuqdphqw Wkhru|

Lw fdq eh dujxhg wkdw lq pdq| fdvhv prwlydwlrq ri hpsor|hhv lv qrw fdxvhg e| devroxwh

frpshqvdwlrq/ vxfk dv wkh vdodulhv ru slhfh udwhv ri Vhfwlrq 6/ exw e| uhodwlyh frpsdulvrqv1

Wkhuhiruh/ zkhq frqvlghulqj krz odujh d udlvh wr jlyh d zrunhu dw surprwlrq/ ru zkhq

ghwhuplqlqj zkhwkhu ru qrw FHR*v duh ryhusdlg/ rqh vkrxog prgho wkh hqwluh frpshqvd0

wlrq vwuxfwxuh ri wkh �up lqvwhdg ri xvlqj wkh vwdwlf dssurdfk ri frqvlghulqj wkh devroxwh

zdjh ohyho rqo|1 Wkh dujxphqw xvhg khuh lv wkh idfw wkdw lq jhqhudo/ d zrunhu grhv qrw



Zrunvkrs Uhsruw= Olqgd Wrrovhpd rq Hgzdug S1 Od}hdu 68

jhw surprwhg ehfdxvh kh lv jrrg/ exw ehfdxvh kh lv ehwwhu wkdq klv froohdjxhv1 Uhodwlyh

frpsdulvrqv udwkhu wkdq devroxwh frpsdulvrqv pdwwhu lq surprwlrqv1

Wkh wkhru| ri uhodwlyh frpshqvdwlrq/ ru wrxuqdphqw wkhru|/ zdv lqwurgxfhg e| Od}hdu

dqg Urvhq +4<;4,1 Wkh zd| frpshwlwlrq ehwzhhq zrunhuv lv prghoohg lq wklv wkhru| uh0

vhpeohv wkh frpshwlwlrq lq/ iru h{dpsoh/ d whqqlv wrxuqdphqw1 Wkh zlqqhu uhfhlyhv d sul}h

wkdw lv juhdwhu wkdq wkh sul}h uhfhlyhg e| wkh orvhu1 Erwk sul}hv duh lqghshqghqw ri wkh

dprxqw e| zklfk wkh zlqqhu ehdwv wkh orvhu1 Zlwk d frqvwdqw vxp ri sul}h prqh|/ wkh

odujhu wkh vsuhdg ehwzhhq wkh sul}hv/ wkh odujhu wkh h�ruw ri wkh sod|huv1 Wkhuh h{lvwv dq

rswlpdo ohyho ri vsuhdg/ deryh zklfk rqh zrxog qrw zdqw wr lqfuhdvh wkh vsuhdg ixuwkhu1

Wkh uhdvrq lv wkdw lqfuhdvlqj wkh vsuhdg grhv qrw rqo| lqfuhdvh h�ruw/ exw dovr ohdgv wr d

uhfuxlwphqw sureohp1 Li wkh *sul}h* ri wkh orvhu ehfrphv qhjdwlyh dqg yhu| odujh/ qrerg|

pd| eh zloolqj wr sduwlflsdwh lq wkh wrxuqdphqw1 Wklv lqwxlwlrq/ dv zhoo dv wkh irupdo

prgho suhvhqwhg ehorz/ lv glvfxvvhg lq pruh ghwdlo lq Od}hdu +4<<8/ Fk1 6,1

Wkh irupdo wrxuqdphqw dqdo|vlv uhvhpeohv wkh vwdqgdug sulqflsdo0djhqw sureohp1 Iluvw/

wkh zrunhu*v ghflvlrq kdv wr eh dqdo|}hg/ dqg wkhq/ wkh �up*v ghflvlrq fdq eh ghwhuplqhg/

jlyhq wkh zrunhu*v ehkdylru1 Wkh zrunhu uhfhlyhv d sul}h +zdjh, `� li kh zlqv/ zklfk

kdsshqv zlwk suredelolw| R/ dqg uhfhlyhv d sul}h `2 li kh orvhv1 Hylghqwo|/ `� : `21

Ohw >� ghqrwh wkh h�ruw ohyho ri zrunhu �/ dqg ohw �E>� eh wkh frvw ri h�ruw1 �E�� lv djdlq
dvvxphg wr eh lqfuhdvlqj dqg vwulfwo| frqyh{1 Wkhq wkh zrunhu fkrrvhv >� vr dv wr pd{lpl}h

`�Rn`2E�� R�� �E>��/ zkhuh R lv klv suredelolw| ri zlqqlqj1 Wkh fruuhvsrqglqj �uvw0

rughu frqglwlrq lv E`��`2�
YR
Y>�

�� �E>�� ' f/ zklfk vd|v wkdw wkh pdujlqdo uhwxuq wr h�ruw

vkrxog htxdo wkh pdujlqdo frvw ri h�ruw1 Ohw wkh rxwsxwv ^� dqg ^& ri zrunhuv � dqg &/

uhvshfwlyho|/ eh ghwhuplqhg e| ^� ' >� n 0� dqg ^& ' >& n 0&/ uhvshfwlyho|/ zkhuh 0 lv d

udqgrp yduldeoh zklfk uhsuhvhqwv oxfn1 Wkhq wkh suredelolw| ri zlqqlqj fdq eh uhzulwwhq

dv

R ' �hi^� : ^&j ' �hi>� n 0� : >& n 0&j ' �hi>� � >& : 0� � 0&j ' CE>� � >&�

zkhuh CE�� lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh yduldeoh 1 � 0� � 0&/ zlwk fru0

uhvsrqglqj glvwulexwlrq ixqfwlrq }E��1 H{ dqwh/ lqglylgxdov � dqg & duh lghqwlfdo/ dqg

wkhuhiruh >� ' >&1 Wkh sduwldo ghulydwlyh ri R zlwk uhvshfw wr >� +ru >&, lv wkhuhiruh jlyhq

e| }Ef�1 Xvlqj wklv uhvxow/ zrunhu �*v �uvw0rughu frqglwlrq fdq eh uhzulwwhq wr jlyh

E`� �`2�}Ef� ' � �E>�� +4,

Wklv uhvxow kdv wzr lpsruwdqw lpsolfdwlrqv1 Iluvw/ li wkh zdjh vsuhdg E`��`2� lqfuhdvhv/

h�ruw lqfuhdvhv/ dv zdv phqwlrqhg deryh1 Vhfrqg/ iru jlyhq zdjhv/ wkh ohyho ri h�ruw ghshqgv
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rq oxfn/ hyhq wkrxjk zrunhuv duh dvvxphg wr eh ulvn0qhxwudo1 Li oxfn lv yhu| lpsruwdqw/ iru

h{dpsoh ehfdxvh phdvxuhv ri h�ruw duh qrlv|/ h�ruw grhv qrw khos pxfk/ dqg zrunhuv whqg

wr jlyh xs1 Pruh irupdoo|/ lq whupv ri wkh ghqvlw| }E��/ li oxfn lv yhu| lpsruwdqw/ }E�� kdv
idw wdlov dqg }Ef� lv vpdoo/ zklfk lpsolhv wkdw >� dqg >& duh vpdoo/ l1h1 wkh ohyho ri h�ruw

sxw iruwk e| wkh zrunhuv lv orz1

Wkh �up pd{lpl}hv sur�wv +shu zrunhu, > � E`� n `2�*2 e| fkrrvlqj `� dqg `2/

vxemhfw wr wkh oderu vxsso| frqvwudlqwv +l1h1 wkh zrunhuv* �uvw0rughu frqglwlrqv,/ dqg vxemhfw

wr wkh frqglwlrq wkdw lw lv deoh wr lqgxfh wkh zrunhuv wr dsso| iru wkh mre/ l1h1 E`�n`2�*2 �
�E>�1 Wkh odvw frqglwlrq zloo djdlq eh dvvxphg wr krog zlwk htxdolw|/ dqg fdq wkxv eh

vxevwlwxwhg lq wkh �up*v remhfwlyh ixqfwlrq wr rewdlq >� �E>�1 Wkh �uvw0rughu frqglwlrqv

fruuhvsrqglqj wr wklv remhfwlyh ixqfwlrq duh

d��� �E>�o
Y>

Y`�

' f iru � ' �c 2 +5,

Wklv vkrzv wkdw zdjhv `� dqg `2 zloo eh fkrvhq vxfk wkdw � �E>� ' �/ wkdw lv/ � �E>� lv vhw

htxdo wr wkh ydoxh ri rqh xqlw ri rxwsxw1 Wklv h!flhqf| frqglwlrq fruuhvsrqgv wr wkdw ri

wkh slhfh udwh �up lq Vhfwlrq 6/ dqg ghwhuplqhv wkh rswlpdo ohyho ri h�ruw/ >W1 Frpelqlqj

wkh �uvw0rughu frqglwlrqv ri wkh �up zlwk wkrvh ri wkh zrunhuv vkrzv wkdw wkh zdjh vsuhdg

vdwlv�hv E`� �`2� ' �*}Ef�/ dqg lw fdq eh frqfoxghg wkdw wkh zdjh vsuhdg ghshqgv rq

wkh ohyho ri oxfn/ zkhuhdv wkh rswlpdo h�ruw ohyho >W grhv qrw1 Wkh h�hfw ri oxfn zloo eh

ixoo| r�vhw e| dq lqfuhdvh lq wkh zdjh vsuhdg1

Wr frph edfn wr wkh lvvxh ri FHR vdodulhv/ Dphulfdq FHR vdodulhv duh uhodwlyho| kljk

frpsduhg wr zrunhu*v vdodulhv1 Dovr/ FHR vdodulhv lq wkh XV duh yhu| kljk frpsduhg wr

wkrvh Mdsdq1 Wrxuqdphqw wkhru| fdq eh xvhg wr dqdo|}h zkhwkhu ru qrw Dphulfdq FHR

vdodulhv duh wrr kljk1 Vlqfh zdjhv ru/ pruh vshfl�fdoo|/ wkh zdjh vsuhdg/ lv ghwhuplqhg

e| wkh dprxqw ri qrlvh suhvhqw lq wkh surgxfwlrq hqylurqphqw/ zh vkrxog h{dplqh wkh

dprxqw ri xqfhuwdlqw| lqvwhdg ri wkh devroxwh rxwsxw1 Mdsdqhvh �upv w|slfdoo| rshudwh

lq ohvv ulvn| hqylurqphqwv wkdq XV �upv1 Wkhuhiruh/ dffruglqj wr wrxuqdphqw wkhru|/ wkh

kljk revhuyhg zdjh vsuhdg lq wkh XV lv udwlrqdo1

D fruroodu| ri wrxuqdphqw wkhru| lv wkdw lw surylghv d prgho ri lqgxvwuldo srolwlfv/ wkdw

ghvfulehv frpshwlwlrq ehwzhhq zrunhuv1 Lq wklv prgho/ wkh lvvxh ri shuvrqdolw| sod|v dq

lpsruwdqw uroh/ zklfk lv xqxvxdo lq hfrqrplfv lq jhqhudo1 Iurp wrxuqdphqw wkhru|/ frp0

shwlwlrq ehwzhhq zrunhuv lv rswlpdo iurp wkh zrunhu*v srlqw ri ylhz1 Krzhyhu/ iurp wkh

�up*v srlqw ri ylhz/ lw lv qrw rswlpdo/ ehfdxvh zrunhuv vkrxog frrshudwh lq rughu wr dfklhyh

kljk rxwsxw ru sur�wv1 Wkh lpsolfdwlrqv ri uhodwlyh frpshqvdwlrq phwkrgv rq lqwhudfwlrq

ri zrunhuv kdyh ehhq h{dplqhg e| Od}hdu +4<;<,1 Wkh prgho lv vlplodu wr wkh wrxuqdphqw
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prgho/ exw dggv wkh h�hfw ri qrqfrrshudwlrq +l1h1 frpshwlwlrq ru vderwdjh, ehwzhhq zrun0

huv1 Djdlq dvvxph olqhdu surgxfwlrq +dowkrxjk wkh prgho zrunv zlwk qrqolqhdu surgxfwlrq

dv zhoo,/ exw ohw surgxfwlrq ri zrunhu � qrz eh ghvfulehg e| ^� ' >� � w& n 0�1 D vlplodu

surgxfwlrq ixqfwlrq krogv iru zrunhu &1 Wkh yduldeoh w� uhsuhvhqwv wkh h�hfw rq rxwsxw ri

zrunhu � qrw frrshudwlqj zlwk wkh rwkhu zrunhu/ � ' �c &1 Dovr/ wkh frvw ixqfwlrq �E�� lv
qrz d ixqfwlrq ri erwk > dqg w1 Lq wklv dgmxvwhg yhuvlrq ri wkh wrxuqdphqw prgho/ li wkh

zdjh vsuhdg lqfuhdvhv/ qrw rqo| grhv h�ruw jr xs/ exw dovr frpshwlwlrq ehwzhhq zrunhuv

lqfuhdvhv1 Hylghqwo|/ d wudgh0r� rffxuv ehwzhhq wkhvh wzr h�hfwv rq rxwsxw/ wkh �uvw ri

zklfk lv srvlwlyh/ dqg wkh vhfrqg ri zklfk lv qhjdwlyh1 Wkh �uvw0rughu frqglwlrqv iru wkh

�up +5, duh qrz jlyhq e|

d�� ��E>c w�o
Y>

Y`�

' d� n �2E>c w�o
Yw

Y`�

iru � ' �c 2 +6,

zkhuh ��E�� dqg �2E�� ghqrwh wkh sduwldo ghulydwlyhv ri �E�� zlwk uhvshfw wr > dqg w/

uhvshfwlyho|1 Vlqfh wkh uljkw0kdqg vlgh ri +6, lv srvlwlyh/ wkh ohiw0kdqg vlgh dovr kdv wr eh

srvlwlyh/ lpso|lqj > 	 >W1 Wklv vkrzv wkdw lq wkh lqgxvwuldo0srolwlfv yhuvlrq ri wkh prgho

zdjhv kdyh wr eh frpsuhvvhg lq rughu wr olplw vderwdjh1 Wkdw lv/ lq wklv prgho/ zdjh

frpsuhvvlrq rffxuv ehfdxvh ri h!flhqf| uhdvrqv/ qrw ehfdxvh ri ulvn0dyhuvlrq1 Lq sudfwlfh/

wkh sureohp lq dyrlglqj vderwdjh e| frpsuhvvlrq ri wkh zdjh vsuhdg lv wkdw lq jhqhudo/ wkh

vderwdjh yduldeoh w lv xqrevhuydeoh1

Lqglylgxdov pd| eh gl�huhqw zlwk uhvshfw wr wkhlu dwwlwxgh wrzdugv vderwdjh1 Uhihu wr

wkh w|sh ri lqglylgxdov wkdw fdqqrw hqjdjh lq vderwdjh dv gryhv/ dqg uhihu wr wkh w|sh ri

lqglylgxdov wkdw kdyh qr sureohp zlwk vderwdjh dv kdznv1 Dv zloo eh vkrzq ehorz/ lw lv

rswlpdo wr kdyh vhjuhjdwhg �upv zlwk hlwkhu gryhv rqo| ru kdznv rqo|/ lqvwhdg ri lqwhjudwhg

�upv1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw kdznv uhtxluh d frpsuhvvhg zdjh vwuxfwxuh

zkhuhdv gryhv kdyh qr qhhg iru frpsuhvvlrq1 Lq dq lqwhjudwhg �up/ wkh sd|phqw vfkhph

zrxog kdyh wr eh lq ehwzhhq wkhvh wzr rswlpdo vfkhphv/ lpso|lqj wkdw wkh uhvxowlqj vfkhph

lv qrw rswlpdo iru hlwkhu jurxs1

Iru d irupdo dqdo|vlv/ revhuyh wkdw wkh �uvw0rughu frqglwlrqv ri pdwfklqj w|shv/ l1h1

vhjuhjdwhg �upv/ fdq eh dgmxvwhg iurp +4, wr jlyh

E`�
�
�`�

2
�}Ef� ' ��

� E>
�c w�� iru � ' (cM dqg � ' �c 2

zkhuh � ghqrwhv wkh dwwlwxgh ri wkh zrunhuv/ l1h1 ( iru gryhv dqg M iru kdznv1 Iru wkh

lqwhjudwhg �up/ wkh �uvw0rughu frqglwlrqv +4, vkrxog eh uhzulwwhq dv

E`� �`2�}E>
M � >( n wM � w(� ' �M

� E>
M c wM�

E`� �`2�}E>
( � >M n w( � wM� ' �(

� E>
(c w(�

<@
> iru � ' �c 2
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Ehfdxvh wkh ghjuhhv ri iuhhgrp duh irxu lq fdvh ri vhjuhjdwhg �upv +l1h1 `�
� iru � ' (cM

dqg � ' �c 2, dqg rqo| wzr lq wkh lqwhjudwhg irup +l1h1 `� dqg `2,/ wkh lqwhjudwhg �up

fdq qhyhu gr ehwwhu wkdq wkh vhjuhjdwhg �upv1 Vhjuhjdwlrq wkhuhiruh lv rswlpdo1

Zkdw fdq eh vdlg derxw vruwlqj lq wklv lqgxvwuldo0srolwlfv prghoB Iru kdznlvk �upv/

vhoi0vhohfwlrq rffxuv1 D gryh zrxog qhyhu yroxqwdulo| mrlq d kdznlvk �up/ ehfdxvh vderwdjh

lpsolhv wkdw htxloleulxp rxwsxw lv orzhu iru kdznv1 Wkhuhiruh/ dyhudjh frpshqvdwlrq lv

orzhu iru kdznv1 Ixuwkhupruh/ d gryh zrxog eh vxemhfw wr vderwdjh lq d kdznlvk �up dqg

zrxog �qg lw gl!fxow wr eh surprwhg wr d kljkhu srvlwlrq1 Rq wkh rwkhu kdqg/ iru wkh vdph

uhdvrqv/ kdznv gr zdqw wr mrlq grylvk �upv1 D vhsdudwlqj htxloleulxp grhv qrw h{lvw/ dqg

grylvk �upv kdyh wr vfuhhq wkh zrunhuv wkh| kluh1

Dw kljkhu ohyhov ri wkh klhudufk|/ kdznv zloo eh vhohfwhg rxw1 Zrunhuv fdq eh surprwhg

hlwkhu ehfdxvh wkh| duh jrrg zrunhuv ru ehfdxvh wkh| duh jrrg dw pdnlqj rwkhu zrunhuv

orrn edg1 Dv rqh jhwv wr wkh wrs ri wkh �up/ wkhuhiruh/ wkh jrrg dqg djjuhvvlyh +kdznlvk,

zrunhuv uhpdlq1 Wkh irupdo surri ri wklv fodlp xvhv wkh idfw wkdw/ ohwwlqj ` ghqrwh wkh

hyhqw ri *zlqqlqj* d surprwlrq/

�hi` mMj ' �hi` mM sod|v (j�hiM sod|v (j
n�hi` mM sod|v Mj�hiM sod|v Mj

Ohw �hiM sod|v (j/ wkh suredelolw| wkdw d kdzn suhwhqgv wr eh d gryh/ eh htxdo wr k dqg

�hiM sod|v Mj eh htxdo wr �� k1 Vlqfh CW � �hi` mM sod|v (j lv vwulfwo| juhdwhu wkdq

�*2/ dqg �hi` mM sod|v Mj '425/ zh rewdlq wkdw wkh suredelolw| ri ehlqj d kdzn jlyhq

wkdw |rx zrq fdq eh zulwwhq dv

�hiMm`j ' �hi` mMj�hiMj
�hi`j ' 2k

�
CWE�� kjn �

2
k
�

Wkh suredelolw| �hiMm`j lv htxdo wr �*2 li CW ' �*2/ dqg lv vwulfwo| lqfuhdvlqj lq CW1

Wkhuhiruh/ wkh suredelolw| ri ehlqj d kdzn jlyhq wkdw |rx kdyh ehhq surprwhg wr d kljkhu

srvlwlrq lv vwulfwo| juhdwhu wkdq �*2/ lpso|lqj wkdw kdznv zloo grplqdwh wkh wrs ohyhov ri wkh

klhudufk|1 Lq wkhvh ohyhov ri wkh klhudufk|/ uhodwlyh uhzdugv duh wkhuhiruh yhu| lpsruwdqw/

lq rughu wr dyrlg doo frrshudwlrq ehlqj orvw1

8 Zrun0Olih Lqfhqwlyh Vfkhphv

Lq Vhfwlrq 5/ wkh olih0f|foh surgxfwlylw| sur�oh ri d zrunhu dqg wkh rswlpdo frpshqvdwlrq

vfkhph zhuh glvfxvvhg1 Lq wklv vhfwlrq/ zh glvfxvv wkh lqfhqwlyh h�hfwv ri wklv frpshqvdwlrq

vfkhph/ ex|0rxwv dqg od|r�v1
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Dvvxplqj wkdw wkh zrunhu*v surgxfwlylw| T +lq whupv ri jhqhudo kxpdq fdslwdo, lqfuhdvhv

zkhq |rxqj/ dqg +srvvleo|, ghfuhdvhv odwhu/ zkhq rog/ lw zloo eh dujxhg ehorz wkdw wkh

frpshqvdwlrq vfkhph ` vkrxog eh vxfk wkdw ` lv ehorz T iru orz djh/ dqg deryh T iru

kljk djh1 Ohw � ghqrwh wkh ydoxh ri ohlvxuh/ zklfk lv dq lqfuhdvlqj ixqfwlrq ri djh dqg

lv ehorz T iru orz djh/ dqg ohw A ghqrwh wkh djh dw zklfk T ' �1 Iru vhoi0hpsor|hg

zrunhuv/ zkr hduq T / yroxqwdu| uhwluhphqw zloo wdnh sodfh dw djh A 1 Krzhyhu/ iru d �up

wkdw zrxog sd| d zdjh htxdo wr T / d sureohp rffxuv zkhq d zrunhu*v djh lv forvh wr A 1

Frqvlghu wkh gd| ehiruh A 1 Wkh zrunhu zloo ghflgh zkhwkhu wr zrun ru wr vklun wklv gd|1

Lq fdvh kh vklunv/ wkh zruvw wklqj wkdw fdq kdsshq wr klp lv wkdw kh jhwv �uhg/ exw vlqfh

kh zloo uhwluh wrpruurz dq|zd|/ kh lv lqgl�huhqw dqg zloo ghflgh wr vklun1 Wkdw lv/ zkhq d

zrunhu lv forvh wr uhwluhphqw djh/ kh zloo *wdnh lw hdv|*1 Krz fdq wkh �up suhyhqw wklv/ dqg

nhhs wkh zrunhu prwlydwhgB Wkh sur�oh ` ghvfulehg deryh vroyhv wkh sureohp/ e| sd|lqj

kljkhu zdjhv forvh wr uhwluhphqw djh A 1 ` lv fkrvhq vxfk wkdw wkh suhvhqw ydoxh ri `

iurp f wr A lv htxdo wr wkh suhvhqw ydoxh ri T iurp f wr A 1 Wklv phfkdqlvp wr prwlydwh

zrunhuv e| xvlqj dq xszdug0vorslqj h{shulhqfh0hduqlqjv sur�oh zdv �uvw glvfxvvhg lq Od}hdu

+4<:<, dqg +4<;4,1 Qrwh wkdw lq rughu wr eh deoh wr xvh wkh frpshqvdwlrq vfkhph ` / wkh

�up qhhgv uhsxwdwlrq/ vlqfh lw zloo sd| d zdjh wkdw lv orzhu wkdq surgxfwlylw| iru |rxqj

zrunhuv/ dqg zloo sd| d zdjh deryh surgxfwlylw| rqo| odwhu1 Dq lpsruwdqw revhuydwlrq

iurp wklv dqdo|vlv lv wkdw pdqgdwru| uhwluhphqw lv qhhghg1 Diwhu A / T 	 �/ dqg uhwluhphqw

lv h!flhqw1 Krzhyhu/ wkhuh lv qr lqfhqwlyh iru wkh zrunhu wr uhwluh vlqfh zdjh lv deryh wkh

dowhuqdwlyh *vdodu|* +wkh ydoxh ri ohlvxuh, dw ohdvw iru vrph shulrg diwhu wlph A 1

Qrz frqvlghu wkh srvvlelolw| ri d ex|0rxw dw wlph |� 	 A / zklfk lqfuhdvhv wkh ydoxh

ri wkh dowhuqdwlyh1 Li wkh dowhuqdwlyh zdjh `� lv deryh T / lw lv h!flhqw wr ohdyh wkh �up1

Krzhyhu/ wkh �up vwloo rzhv |rx wkh suhvhqw ydoxh ri wkh gl�huhqfh ehwzhhq ` dqg T iurp

wlph |� wr A / dqg d ex|0rxw lv qhhghg1 Wkh zrunhu zloo dffhsw wkh ex|0rxw � li � soxv

wkh suhvhqw ydoxh ri wkh dowhuqdwlyh lv juhdwhu wkdq wkh suhvhqw ydoxh ri ` 1 Wkh �up zloo

r�hu d ex|0rxw zklfk vdwlv�hv wkh frqvwudlqw wkdw � lv vpdoohu wkdq wkh suhvhqw ydoxh ri `

plqxv wkh suhvhqw ydoxh ri T 1 Frpelqlqj wkhvh wzr frqvwudlqwv/ lw iroorzv wkdw d ex|0rxw

zloo rffxu li dqg rqo| li wkh suhvhqw ydoxh ri wkh *uhpdlqlqj* surgxfwlylw| lv vpdoohu wkdq

wkh suhvhqw ydoxh ri wkh dowhuqdwlyh xvh ri wlph1

Iru hpslulfdo hylghqfh rq wklv uhvxow/ frqvlghu shqvlrqv/ zklfk fdq vrphwlphv dfw dv d

ex|0rxw/ dv glvfxvvhg lq pruh ghwdlo lq Od}hdu +4<<8/ Fk1 7,1 Vwdqgdug shqvlrqv xvxdoo|

kdyh dq lpsolflw lqfhqwlyh wr lqgxfh zrunhuv wr uhwluh durxqg d vshfl�f djh +Od}hdu +4<;6,,1

Wkh h{shfwhg suhvhqw ydoxh ri d shqvlrq lv yhu| orz iru orz uhwluhphqw djh/ ehfdxvh |rxqj

zrunhuv kdyh qrw dffxpxodwhg shqvlrq ehqh�wv |hw1 Dovr/ iru yhu| kljk uhwluhphqw djh/

wkh h{shfwhg suhvhqw ydoxh lv orz/ ehfdxvh uhwlulqj dw yhu| rog djh lpsolhv g|lqj vrrq
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diwhu uhwluhphqw1 Dw vrph lqwhuphgldwh uhwluhphqw djh/ wkh h{shfwhg suhvhqw ydoxh ri

shqvlrq ehqh�wv zloo eh kljkhu1 Wklv lv dq dowhuqdwlyh/ lpsolflw zd| wr orzhu *zdjhv* iru

roghu zrunhuv/ zklfk zloo lqgxfh wkhp wr ohdyh yroxqwdulo|1 D vwuxfwxuh vlplodu wr wkdw ri

shqvlrqv fdq eh vhhq lq od|r�v1 Zlwk od|r�v/ wkh plggoh0djhg xvh prvw uhqw1 Wkh h!flhqw

srolf| lv wkhuhiruh wr frqfhqwudwh od|r�v dw |rxqj dqg rog djh1 Wklv uhvxow lv vxssruw e|

hpslulfdo hylghqfh/ hyhq wkrxjk lw pd| vhhp frxqwhulqwxlwlyh vlqfh lq jhqhudo �upv duh qrw

vxssrvhg wr �uh rog/ h{shulhqfhg zrunhuv1

9 Hpsrzhuphqw

Dffruglqj wr lqgxvwuldo sv|fkrorjlvwv/ wkh pdlq uhdvrq wr xvh hpsrzhuphqw lv wr jlyh

zrunhuv wkh ihholqj wkdw wkh| duh *sduw ri wkh idplo|*1 Shuvrqqho hfrqrplfv surylghv d pruh

irupdo dqg vwdwlvwlfdo dqdo|vlv ri hpsrzhuphqw/ zklfk zloo eh glvfxvvhg ehorz1

Ohw wkh whup *idovh qhjdwlyh huuru* uhihu wr wkh huuru ri uhmhfwlqj d jrrg sursrvdo ru

surmhfw1 Vlploduo|/ d *idovh srvlwlyh huuru* lv wkh huuru ri dffhswlqj d edg sursrvdo1 Lq

jhqhudo/ wkhuh zloo eh d wudgh0r� ehwzhhq wkh wzr w|shv ri huuruv= li wkh suredelolw| ri d

idovh qhjdwlyh huuru lqfuhdvhv/ wkh suredelolw| ri d idovh srvlwlyh huuru ghfuhdvhv/ dqg wkh

rwkhu zd| durxqg1 Hylghqwo|/ ydulrxv ghflvlrq uxohv rq wkh dffhswdqfh ri surmhfwv duh

fkdudfwhul}hg e| gl�huhqw wudgh0r�v1

Frqvlghu wkh iroorzlqj ghflvlrq uxohv ru vwuxfwxuhv= wkh klhudufk|/ wkh vhfrqg rslqlrq

vwuxfwxuh/ dqg wkh  dw vwuxfwxuh1 Lq wkh klhudufklfdo vwuxfwxuh/ d surmhfw kdv wr sdvv wzr

ghflvlrq ohyhov ehiruh ehlqj dffhswhg1 Li d surmhfw lv uhmhfwhg lq wkh �uvw ohyho/ lw zloo qrw eh

h{dplqhg dw wkh vhfrqg ohyho1 Lq wkh vhfrqg rslqlrq vwuxfwxuh/ wkhuh duh dovr wzr shuvrqv

zkr kdyh wr h{dplqh wkh surmhfw/ exw wkhuh lv qr klhudufk|1 Li wkh wzr shuvrqv djuhh rq

zkhwkhu ru qrw wr dffhsw d surmhfw/ wkh uhvxow lv hylghqw1 Krzhyhu/ li wkh| gr qrw djuhh/

d ghflvlrq uxoh lv qhhghg1 Wklv uhvxowv lq dq rxwfrph wkdw lv d frqyh{ frpelqdwlrq ri wkh

rslqlrqv ri wkh wzr ghflvlrq pdnhuv1 Lq wkh  dw vwuxfwxuh/ hyhu| zrunhu lv dvvxphg wr pdnh

klv rzq ghflvlrqv1 Wklv fdq eh lqwhusuhwhg dv wkh xowlpdwh ohyho ri hpsrzhuphqw1

Krz fdq wkh vwuxfwxuhv ghvfulehg deryh eh rughuhg lq whupv ri wkh wudgh0r� ehwzhhq

idovh qhjdwlyh huuruv dqg idovh srvlwlyh huuruvB Dqg krz vkrxog d �up fkrrvh dq dssursuldwh

ghflvlrq uxohB Ohw xv �uvw wxuq wr wkh rughulqj ri wkh wkuhh ghflvlrq uxohv1 Dvvxph wkdw

� surmhfwv duh sursrvhg shu shuvrq shu shulrg/ dqg wkhuh duh wzr zrunhuv1 Zlwk wkh  dw

vwuxfwxuh/ li R lv wkh suredelolw| ri dffhswlqj d surmhfw/ 2�R surmhfwv zloo eh dffhswhg hdfk

shulrg1 Lq wkh klhudufklfdo vwuxfwxuh/ vlqfh hdfk surmhfw kdv wr eh frqvlghuhg wzlfh/ wkhuh lv

rqo| wlph wr h{dplqh kdoi ri wkh surmhfwv1 Rqo|�R surmhfwv sdvv rq wr wkh vhfrqg ohyho dqg/
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ohwwlqj Rt t ghqrwh wkh suredelolw| wkdw d surmhfw lv dffhswhg lq wkh vhfrqg ghflvlrq ohyho

jlyhq wkdw lw zdv dffhswhg lq wkh �uvw/ �RRt t surmhfwv zloo eh dffhswhg lq wkh klhudufklfdo

vwuxfwxuh1 Vlqfh �RRt t 	 2�R/ wkh klhudufklfdo vwuxfwxuh lv pruh vwulqjhqw +l1h1 dffhswv

ohvv surmhfwv, wkdw wkh  dw vwuxfwxuh1 Wkh pdlq uhdvrq iru wklv uhvxow lv wkh idfw wkdw lq

wkh klhudufklfdo vwuxfwxuh/ ehfdxvh ri d wlph frqvwudlqw/ kdoi ri wkh surmhfwv lv uhmhfwhg

ehiruhkdqg1 Exw hyhq li wklv zhuh qrw wkh fdvh/ wkh +uhdvrqdeoh, dvvxpswlrq Rt t 	 �

zrxog ohdg wr wkh vdph frqfoxvlrq1

Iru wkh vhfrqg rslqlrq vwuxfwxuh/ ohwwlqj b ghvfuleh wkh dffhswdqfh udwh lq fdvh ri

glvdjuhhphqw/ wkh qxpehu ri surmhfwv dffhswhg lv jlyhq e|

� dRRt t n bRE�� Rt t � n bE�� R�Rt � o

zkhuh Rt � ghqrwhv wkh suredelolw| wkdw d surmhfw lv dffhswhg lq wkh vhfrqg ohyho/ jlyhq

wkdw lw zdv uhmhfwhg lq wkh �uvw ohyho1 Xvlqj wkh idfwv wkdw wkh qxpehu ri surmhfwv dffhswhg

zlwk wkh vhfrqg rslqlrq vwuxfwxuh uhdfkhv d pd{lpxp iru b ' �/ dqg wkh dvvxpswlrq

wkdw Rt � � R/ wkh vhfrqg rslqlrq vwuxfwxuh fdq eh vkrzq wr eh pruh vwulqjhqw wkdq wkh

 dw vwuxfwxuh1 Ilqdoo|/ iru b ' f wkh qxpehu ri surmhfwv dffhswhg lq wkh vhfrqg rslqlrq

vwuxfwxuh fdq eh vkrzq wr htxdo �RRt t / wkh qxpehu ri surmhfwv dffhswhg lq wkh klhudufklfdo

vwuxfwxuh1 Vlqfh dq lqfuhdvh lq b zloo lqfuhdvh wkh qxpehu ri surmhfwv dffhswhg lq wkh

vhfrqg rslqlrq vwuxfwxuh/ wklv vkrzv wkdw wkh klhudufklfdo vwuxfwxuh lv pruh vwulqjhqw wkdq

wkh vhfrqg rslqlrq vwuxfwxuh1 Vxppdul}lqj/ wklv vkrzv wkdw wkh klhudufklfdo vwuxfwxuh lv

pruh vwulqjhqw wkdq wkh vhfrqg rslqlrq vwuxfwxuh/ zklfk lv pruh vwulqjhqw wkdq wkh  dw

vwuxfwxuh1

Krz vkrxog d �up fkrrvh ehwzhhq wkh wkuhh vwuxfwxuhvB Wkh surmhfwv ri d �up fdq eh

ghvfulehg e| d suredelolw| glvwulexwlrq ryhu wkh groodu ydoxh shu surmhfw1 Li wklv glvwulexwlrq

lv yhu| vnhzhg/ wkhuh zloo eh d suhihuhqfh iru rqh ri wkh wzr h{wuhphv/ hlwkhu wkh klhudufklfdo

vwuxfwxuh ru wkh  dw vwuxfwxuh1 Vxssrvh wkdw wkh ohiw wdlo ri wkh glvwulexwlrq lv uhodwlyho| idw1

Wklv lpsolhv wkdw wkh frvw ri d idovh srvlwlyh huuru +dffhswlqj d edg surmhfw, lv uhodwlyho|

kljk1 Lq wklv fdvh/ wkh �up zloo suhihu wkh klhudufklfdo ghflvlrq vwuxfwxuh1 Rq wkh rwkhu

kdqg/ li wkh uljkw wdlo ri wkh glvwulexwlrq lv uhodwlyho| idw/ vrph surmhfwv hduq h{wuhpho| kljk

uhyhqxhv dqg wkh frvw ri d idovh qhjdwlyh ghflvlrq +uhmhfwlqj d jrrg surmhfw, lv uhodwlyho|

kljk1 Wklv w|sh ri �up zloo lq jhqhudo suhihu d  dw vwuxfwxuh1 H{dpsohv ri wklv vlwxdwlrq

fdq eh irxqg lq �upv wkdw ghshqg khdylo| rq U)G1 Ilupv wkdw duh lq wkh plggoh/ zlwk d

uhodwlyho| v|pphwulf suredelolw| glvwulexwlrq/ zloo suhihu wr xvh d vhfrqg rslqlrq vwuxfwxuh1

Qrz ohw xv wxuq wr wkh lvvxh ri wkh zrunv frxqflo1 Dv zloo eh vkrzq ehorz/ dq dgylvhu wr

wkh �up zrxog dozd|v dgylfh wkh �up wr jlyh zrunhuv ohvv srzhu wkdq lv vrfldoo| rswlpdo1

Ohw f ghqrwh wkh dprxqw ri srzhu jlyhq wr wkh zrunhuv/ dqg ohw -Ef� ghvfuleh wkh wrwdo
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vxusoxv ru uhqw dvvrfldwhg zlwk f1 -Ef� lv lqfuhdvlqj iru orz ydoxhv ri f/ ghfuhdvlqj iru

kljk ydoxhv ri f/ dqg lw dwwdlqv lwv pd{lpxp dw f ' fW1 Krzhyhu/ lqfuhdvlqj wkh dprxqw

ri srzhu ri wkh zrunhuv grhv qrw rqo| d�hfw wkh wrwdo vxusoxv/ exw dovr wkh zrunhuv* vkduh

ri wkh slh �Ef�= wkh kljkhu f/ wkh odujhu �Ef�1 Wkh �up*v rswlpl}dwlrq sureohp lv wr

pd{lpl}h ryhu f lwv uhqw -Ef�d� � �Ef�o1 Wkh �uvw rughu frqglwlrq fdq eh zulwwhq dv

-�Ef� ' � �Ef�-Ef�*d� � � Ef�o1 Vlqfh wkh uljkw0kdqg vlgh ri wklv htxdwlrq lv srvlwlyh/

wkh ohyho ri srzhu f fkrvhq e| wkh �up vdwlv�hv -�Ef� : f/ zklfk lpsolhv f 	 fW1 Wkh

�up ghflghv wr jlyh zrunhuv ohvv srzhu wkdq rswlpdo ehfdxvh jlylqj zrunhuv pruh srzhu

lqfuhdvhv wkhlu vkduh ri wkh slh1 Frxog wkh jryhuqphqw vroyh wklv sureohp e| fkdqjlqj

ohjlvodwlrq dqg ohwwlqj hdfk �up kdyh d zrunv frxqfloB Wkh dqvzhu lv qr/ ehfdxvh ohwwlqj

wkh zrunhuv ghflgh rq wkhlu ohyho ri srzhu ohdgv wr d v|pphwulf sureohp= wkh zrunhuv zloo

fkrrvh d ohyho ri srzhu wkdw lv deryh wkh vrfldoo| rswlpdo ohyho fW1 Wkh ohyho fkrvhq e| wkh

zrunhuv lv qrw qhfhvvdulo| ehwwhu wkdq wkdw fkrvhq e| wkh �up1

Zkhq lv lw wkh fdvh wkdw d �up zdqwv wr kdyh d zrunv frxqfloB Wkdw lv/ lq zklfk

vlwxdwlrq lv lw prvw olnho| wkdw wkh �up kdv d zrunv frxqfloB Dvvxph wkdw wkhuh duh wzr

vwdwhv ri wkh zruog/ wkdw fdq eh revhuyhg rqo| e| wkh �up/ qrw e| wkh zrunhuv1 Lq wkh

jrrg vwdwh/ wkh �up zloo vxuylyh dq|zd|1 Lq wkh edg vwdwh wkh �up zloo rqo| vxuylyh li wkh

zrunhuv zrun yhu| kdug1 Krzhyhu/ zrunhuv duh diudlg ri ehlqj h{sorlwhg1 D zrunv frxqflo

fdq vroyh wklv sureohp e| *rshqlqj wkh errnv*/ l1h1 lqiruplqj wkh zrunhuv derxw wkh vwdwh

ri wkh zruog1

Ohw d zrunhu*v xwlolw| eh ghvfulehg e| L� li kh zrunv dw qrupdo vshhg/ e| L8 li kh

zrunv dw idvw vshhg/ dqg e| Lf li kh lv �uhg +l1h1 li wkh �up grhv qrw vxuylyh,1 Dvvxph wkdw

L� : L8 : Lf1 Wkh �up*v sur�wv lq wkh jrrg vwdwh duh jlyhq e| Z8 li zrunhuv zrun dw idvw

vshhg dqg e| Z� li zrunhuv zrun dw qrupdo vshhg1 Lq wkh edg vwdwh/ li wkh �up vxuylyhv

+l1h1 zrunhuv zrun kdug,/ wkh �up*v sur�wv duh Z�1 Dvvxph wkdw Z8 : Z� : Z� : f1

Dowkrxjk zrunhuv fdqqrw revhuyh wkh vwdwh ri wkh zruog/ wkh| nqrz wkdw wkh jrrg vwdwh

rffxuv zlwk suredelolw| R1 Wkh zrunhuv zloo eh lqgl�huhqw ehwzhhq zrunlqj dw qrupdo vshhg

dqg zrunlqj dw idvw vshhg li wkh h{shfwhg xwlolw| ri zrunlqj dw qrupdo vshhg htxdov wkh

xwlolw| ri zrunlqj dw idvw vshhg/ wkdw lv/ li R htxdov

RW '
L8 � Lf

L� � Lf

Wkh zrunhuv zloo zrun idvw li dqg rqo| li R 	 RW1 Li zrunhuv kdyh yhu| jrrg dowhuqdwlyhv/

Lf zloo eh uhodwlyho| kljk/ RW zloo eh orz/ dqg zrunhuv zloo jhqhudoo| zrun dw qrupdo vshhg1

Li zrunhuv duh xqlqiruphg/ wkdw lv/ li wkhuh lv qr zrunv frxqflo/ wkh| zloo hlwkhu fkrrvh

wr zrun dw qrupdo vshhg/ lpso|lqj dq h{shfwhg sur�w wr wkh �up ri RZ� / ru fkrrvh wr
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zrun dw idvw vshhg/ lq zklfk fdvh wkh �up*v sur�wv zloo eh RZ8 n E� � R�Z�1 Li wkhuh lv

d zrunv frxqflo/ wkh zrunhuv zloo dozd|v zrun dw qrupdo vshhg lq jrrg vwdwhv dqg dw idvw

vshhg lq edg vwdwhv1 Wkh h{shfwhg sur�wv wr wkh �up zkhq wkhuh lv d zrunv frxqflo duh

RZ� n E�� R�Z�1 Zkhq grhv wkh �up ehqh�w iurp kdylqj d zrunv frxqfloB Li wkh zrunhuv

zrxog kdyh fkrvhq wr zrun dw qrupdo vshhg/ wkh �up ehqh�wv/ vlqfh e| kdylqj d zrunv

frxqflo lwv h{shfwhg sur�wv lqfuhdvh e| dq dprxqw ri E�� R�Z�1 Rq wkh rwkhu kdqg/ li wkh

zrunhuv zrxog kdyh fkrvhq wr zrun idvw/ lqwurgxflqj d zrunv frxqflo uhgxfhv wkh �up*v

h{shfwhg sur�wv e| dq dprxqw ri REZ8 � Z��1 Wkdw lv/ wkh sureohp ri kdylqj d zrunv

frxqflo lv wkdw lw vorzv grzq vshhg lq jrrg vwdwhv1 Wkh �up*v ghflvlrq rq zkhwkhu ru qrw

wr kdyh d zrunv frxqflo zloo ghshqg rq zkhwkhu wkh zrunirufh lv djjuhvvlyh ru grfloh1 Lq

Hxursh/ iru h{dpsoh/ zrunhuv kdyh jrrg idooedfn srvlwlrqv/ vr RW lv orz lq Hxursh/ dqg lq

jhqhudo/ zrunhuv zloo zrun dw qrupdo vshhg1 Lq Hxursh/ �upv wkhuhiruh duh ohvv rssrvhg wr

zrunv frxqflov wkdq lq/ iru h{dpsoh/ wkh XV/ zkhuh idooedfn srvlwlrqv duh qrw wkdw jrrg/

dqg zrunhuv zrun idvw lq jhqhudo1

: Lqwhuqdwlrqdo Ilupv

Lq grphvwlf �upv/ zrunhuv +ru whdppdwhv, kdyh wkh vdph fxowxuh dqg edfnjurxqg1 Lq lqwhu0

qdwlrqdo �upv/ krzhyhu/ wklv lv qrw wkh fdvh1 Wkuhh dvshfwv wkdw duh sduwlfxoduo| lpsruwdqw

lq lqwhuqdwlrqdo �upv duh glvmrlqwqhvv/ frppxqlfdwlrq/ dqg uhohydqfh1 Glvmrlqwqhvv uhihuv

wr zrunhuv kdylqj glvmrlqw vhwv ri nqrzohgjh1 Lq wklv vhqvh/ wkh pruh glvmrlqw wkh zrunhuv lq

d whdp duh/ wkh ehwwhu/ vlqfh zrunhuv fdq ohduq iurp hdfk rwkhu1 Frppxqlfdwlrq hylghqwo|

uhihuv wr wkh idfw wkdw zrunhuv vkrxog eh deoh wr frppxqlfdwh zlwk hdfk rwkhu1 Wkdw lv/

zrunhuv zlwk glvmrlqw vhwv ri nqrzohgjh irup d jrrg whdp zlwk uhvshfw wr wkh �uvw dvshfw/

exw li wkh| fdqqrw frppxqlfdwh surshuo|/ lw pd| eh ehwwhu wr kdyh d whdp ri zrunhuv zkrvh

vhwv ri nqrzohgjh duh ohvv glvmrlqw/ exw zkr duh dw ohdvw deoh wr frppxqlfdwh1 Wkh wklug

dvshfw/ uhohydqfh/ uhihuv wr wkh vnloov wkdw duh uhohydqw wr grlqj wkh wdvn1 Uhodwlqj wkh dvshfw

ri uhohydqfh wr wkh rwkhu wzr dvshfwv/ li d �up kdv wr fkrrvh d whdp rxw ri vhyhudo zrunhuv/

zkrvh nqrzohgjh vhwv duh doo glvmrlqw/ dqg zkr duh doo deoh wr frppxqlfdwh  xhqwo| zlwk

hdfk rwkhu/ lw vkrxog fkrrvh wkrvh zrunhuv wkdw kdyh wkh prvw uhohydqw vnloov1 Lq iruplqj d

whdp ri zrunhuv lq dq lqwhuqdwlrqdo �up/ doo wkuhh dvshfwv vkrxog eh wdnhq lqwr dffrxqw lq

rughu wr irup d jrrg whdp1

Dqrwkhu lvvxh wkdw lv lpsruwdqw lq lqwhuqdwlrqdo �upv lv wkdw ri ehvw sudfwlfhv1 Frqvlghu

dq lqwhuqdwlrqdo �up wkdw rzqv vhyhudo idfwrulhv ru ghsduwphqwv wkdw shuirup wkh vdph

wdvnv lq gl�huhqw frxqwulhv1 *Ehvw sudfwlfhv* phdqv wkdw wkh �up zdqwv hyhu| idfwru| wr
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shuirup hyhu| wdvn lq wkh zd| wkdw lw lv grqh e| wkh idfwru| wkdw grhv lw ehvw1 Wklv vrxqgv

uhdvrqdeoh/ dqg lqwxlwlyho|/ rqh zrxog h{shfw wkh lqwurgxfwlrq ri ehvw sudfwlfhv wr lqfuhdvh

sur�wv1 Krzhyhu/ dq rughu vwdwlvwlfv sureohp rffxuv khuh1 Ohw # dqg 0 eh udqgrp yduldeohv

wkdw ghvfuleh wkh sur�wv ri wzr gl�huhqw zd|v ri shuiruplqj wkh vdph wdvn1 Ohw 4 eh wkh

fruuhvsrqglqj fruuhodwlrq frh!flhqw/ vxfk wkdw # ' 40nE��4�D/ zkhuh D lv dq huuru whup1

Lw fdq eh vkrzq wkdw
Y. d4@ E#c 0�o

Y4
	 f

Wkh h{shfwhg ydoxh ri wkh kljkhvw rughu vwdwlvwlf lv ghfuhdvlqj lq wkh fruuhodwlrq frh!flhqw

ri wkh wzr udqgrp yduldeohv1 Wkdw lv/ li wkh wzr zd|v ri shuiruplqj wkh vdph wdvn ehfrph

pruh fruuhodwhg/ wkh h{shfwhg sur�wv ri wkh ehvw zd| wr shuirup wkh wdvn zloo ghfuhdvh1

; Frqfoxvlrq

Wkh glvfxvvlrq ri wkh wrslfv ri kxpdq fdslwdo/ vruwlqj/ lqfhqwlyhv/ devroxwh dqg uhodwlyh

frpshqvdwlrq phwkrgv/ zrun0olih lqfhqwlyh vfkhphv/ hpsrzhuphqw/ dqg dvshfwv ri lqwhu0

qdwlrqdo �upv kdv suhvhqwhg dq lqwhuhvwlqj ryhuylhz ri wkh uhodwlyho| |rxqj vxe�hog ri

shuvrqqho hfrqrplfv1 Lw kdv ehfrph fohdu wkdw hfrqrplvwv xvh d pruh jhqhudo dssurdfk wr

shuvrqqho wkdq gr sv|fkrorjlvwv dqg vrflrorjlvwv1 Dowkrxjk lw lv odujho| d qrupdwlyh dqdo|0

vlv/ shuvrqqho hfrqrplfv grhv qrw rqo| surylgh txdolwdwlyh uhvxowv exw txdqwlwdwlyh uhvxowv dv

zhoo/ e| dgglqj pruh vwuxfwxuh wr wkh dqdo|vlv1 Dovr/ wklv ryhuylhz vkrzv wkdw d shuvrqqho

v|vwhp vkrxog eh frqvlghuhg dv dq hqwluh vwuxfwxuh1 Vshfl�f sduwv ri lw fdqqrw eh dqdo|}hg

vhsdudwho|/ zlwkrxw uhihuulqj wr rwkhu sduwv1 Iru h{dpsoh/ zkhq frqvlghulqj uhwluhphqw

lvvxhv/ qrw rqo| vkrxog rqh frqvlghu zdjhv/ exw dovr wkh zrunhu*v +shfxqldu| htxlydohqw ri,

ohlvxuh +vhh Vhfwlrq 8,1 D uhodwhg srlqw lv wkdw uhodwlyh frpsdulvrqv duh pruh lpsruwdqw

lq shuvrqqho hfrqrplfv wkdq devroxwh frpsdulvrqv1 Lqglylgxdo zrunhuv duh frpsduhg wr

hdfk rwkhu udwkhu wkdq wr dq devroxwh vwdqgdug +Vhfwlrq 7,1 Ilqdoo|/ shuvrqqho hfrqrplfv

kdv uhyhdohg wkdw vrph vlpsoh dqg lqwxlwlyh suhglfwlrqv rq shuvrqqho lvvxhv duh plvohdglqj

ru zurqj/ dqg lw kdv ehhq vkrzq wr r�hu dq lpsruwdqw frqwulexwlrq wr sv|fkrorjlfdo dqg

vrflrorjlfdo dssurdfkhv ri shuvrqqho1

Uhihuhqfhv

Howrq/ Mh�uh| M1 +4<<4,/ Uhwdlo eurnhu frpshqvdwlrq zlwk �up pdunhwlqj lqyhvwphqw= Dg0

mxvwhg hduqlqjv dqg sd|rxw shufhqwdjhv iru �up fdslwdo frqwulexwlrqv wr eurnhu surgxf0

wlrq/ SkG Glvvhuwdwlrq/ Xqlyhuvlw| ri Fklfdjr1
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Irjho/ Urehuw Zlooldp/ dqg Vwdqoh| O1 Hqjhupdq +4<;<,/ Wlph rq wkh Furvv= Wkh Hfr0

qrplfv ri Dphulfdq Qhjur Vodyhu|/ Qruwrq/ Qhz \run1

Od}hdu/ Hgzdug S1 +4<:<,/ Zk| lv wkhuh pdqgdwru| uhwluhphqwB/ Mrxuqdo ri Srolwlfdo Hfrq0

rp| ;:/ 4594045971

Od}hdu/ Hgzdug S1 +4<;4,/ Djhqf|/ hduqlqjv sur�ohv/ surgxfwlylw|/ dqg krxuv uhvwulfwlrqv/

Dphulfdq Hfrqrplf Uhylhz :4/ 93909531

Od}hdu/ Hgzdug S1 +4<;6,/ Shqvlrqv dv vhyhudqfh sd|/ lq= ]yl Erglh dqg Mrkq Vkryhq/ hgv1/

Ilqdqfldo Dvshfwv ri wkh XV Shqvlrq V|vwhp/Xqlyhuvlw| ri Fklfdjr Suhvv iru QEHU/

Fklfdjr/ 8:0<31

Od}hdu/ Hgzdug S1 +4<;9,/ Vdodulhv dqg slhfh udwhv/ Mrxuqdo ri Exvlqhvv 8</ 73807641

Od}hdu/ Hgzdug S1 +4<;<,/ Sd| htxdolw| dqg lqgxvwuldo srolwlfv/ Mrxuqdo ri Srolwlfdo Hfrq0

rp| <:/ 89408;31

Od}hdu/ Hgzdug S1 +4<<8,/ Shuvrqqho Hfrqrplfv/ PLW Suhvv/ Fdpeulgjh1

Od}hdu/ Hgzdug S1/ dqg Vkhuzlq Urvhq +4<;4,/ Udqn0rughu wrxuqdphqwv dv rswlpxp oderu

frqwudfwv/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;</ ;740;971


