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Approximation Methods

General Objective:

Given some data about a function f(x) which is difficult to compute,
construct a simpler function g(x) which is a good approximation of f(x).

Questions:

e What data should be produced and used?
e What family of “simpler” functions should be used?
e How good is approximation?

e How simple can a good approximation be?
Comparisons with statistical regression

e Both have some unknown function which is approxmated

e Both use a finite amount of data

e Statistical data is noisy; we assume here that errors are small
e Nature produces data in statistics; we produce the data here

e Approximation methods are like experimental design with very small
experimental error



Regression

e Data: (z;,y,),i=1,..,n.

e Objective: Find a function f(x;3) with 6 € R™, m < n, with
Y; = f(LUZ),Z = 1, .., n.

e Least Squares regression:

min (i — f (5; 5))2

BeRM

e Problem: If f(z;03) = > B2/, the equations defining 3 are
ill-conditioned since the 2’ functions are highly correlated - multi-
collinearity

Challenge

Find approximation methods

e which are reliable as we get more data

e avoid ill-conditioned formulations.



Interpolation

e Interpolation Problem: find a function from a family which ex-
actly fits some data

e Lagrange polynomial interpolation

— Data: (z;,y;),i=1,..,n.

— Objective: Find a polynomial of degree n — 1, p,(x), which
agrees with the data, i.e.,

Yi = f(mz)a 1= 17"7”

— Result: If the x; are distinct, there is a unique interpolating
polynomial

e Evaluation of interpolation

— Advantage: use few data points

— Disadvantage: data must be computed with small error



e Question: Does p,(z) converge to f (x) as we use more points (and
higher-order p,,)?
e Convergence Counterexample
— Suppose

f@) = =

z; : uniform on [—5, 5]

— Degree 11 Result:

\ 11-point
| interpolation

Figure 1:

e Conclusion: simple interpolation is not reliable



Orthogonal polynomials

General orthogonal polynomials

e Space: polynomials over domain D
e weighting function: w(z) > 0
e Inner product: (f,g) = [, f(z)g(z)w(x)dx

Usefulness of orthogonal polynomials

e Regressing against orthogonal polynomials is numerically stable - re-
gressors are orthogonal

e Reliable interpolation formulas are generated by orthogonal polyno-
mials.



Chebyshev polynomials

® [a,b] =[—1,1]
o w(x)=1
o T),(z) = cos(ncos™ x)
e Recurrence formula:
To(z
Ti(x
Toii(z

1"

Figure 2:



Legendre polynomials

® [a,b] =[—1,1]
o w(x)=1
o Pule) = g (1= )]
e Recurrence formula:
Py(x) = 1
P(x) = x
o) - Btbarin-
Laguerre polynomials
e [a,b] =0, 00]
o w(x)=¢e"
o L,(x)= Z—f jw—nn (z" e )
e Recurrence formula:
Lo(z) =1
Li(z) = 1—=x
Lp(x) = — 2n+1—2x) Ly(z) —




Hermite polynomials

¢ [CL, b] — [—OO, OO]
o 'U}(Z') — e—a:2
° Hn<x) = (_1)7163;2 gt_”n (6_9‘32)

e Recurrence formula:

H1<CL’) = 2z
H,1(x) = 2x Hy(x) —2n H,_1(x).



Trigonometric polynomials and Fourier series
e If f is continuous on [—m, 7| and f(—m) = f(m), then

1 o0 (0. ¢] .
f(o) = 50 + ; a, cos(nf) + ; by, sin(nd)

where the Fourier coefficients are defined by
/ f(6) cos(nd)db
/ f(0)sin(nd) d,

a, =—

b, =

=3~

e Convergence is uniform.
e Since the sine and cosine functions are orthogonal on [—m, 7].
o A trigonometric polynomial is any function of the form in (6.4.4).

e Fourier approximation is excellent for approximating a smooth peri-
odic function, that is, a function f : R — R such that for some w,

flz) = f(z+w).

e However, convergence is not uniform, and many terms are needed for
good fits of nonperiodic functions.



Chebyshev Approximation
e Chebyshev Interpolation:

— Let x; be the n zeroes of T),(z) (adapted to |a, b])

(22’ — 1 ) :
Ti = COS T, 1=1,..,n.
2n

— Coeflicients of the T (x) are easily computed; coefficient of Tj(x)
is essentially covariance of z; with Tj(x;).

e Chebyshev interpolation results

— converges in L™ as we increase n: number of points and degree
of polynomial

— easy to compute

— does not approximate both f and f’

e Chebyshev regression:

— Let x; be the n zeroes of T, (x) (adapted to [a, b])

(2@' — 1 ) .
Ti = COS T, 1=1,...,n.
2n

— Regress m > n values of y; against (To(x;), T1(x;), .., Tn_1(x;))

— Coefficients of the T} () are easily computed; coefficient of T} (z)
is essentially covariance of x; with Tj(x;).

— Result is smoother than interpolation

— Does a better job of approximating f'(x)



Other approximation schemes
e Splines

— Split [a, b] into several intervals
— Use a different polynomial on each interval

— Make sure that the different polynomials meet properly

e Rational functions

()

_ apt+ a1+ asx’ + ... + a,x"
by 4 bz + bz + ...+ b,z

e Neural networks

— Single-layer neural network is a function

Fla;8)=h (Z ﬁigm)) (6.14.1)

where g(x) and h(zx).are monotone increasing scalar functions

— Single hidden-layer feedforwardnetwork has the form

Pl p,7) = f| X_wh (Zﬁ‘fg(%)> . (6142)

where f(z), g(x), and h(x).are monotone increasing scalar func-
tions



Shape Problems

e Concave (monotone) data may lead to nonconcave (nonmonotone)
approximations by polynomials, splines, etc..

e Example

Figure 3:



e There are procedures which can preserve shape

e Schumaker Procedure:

1. Take level (and maybe slope) data at nodes x;
2. Add intermediate nodes z;" € [z;, z;41]

3. Run quadratic spline with nodes at the x and z nodes which
intepolate data and preserves shape.

4. Schumaker formulas tell one how to choose the z and spline coef-
ficients.

e Many other procedures exist for one-dimensional problems
e Some procedures exist for two-dimensional problems

e Higher dimensions are difficult, but many questions are open.



Approximation Methods: Summary

Interpolation versus regression

e Lagrange data uses level information only
e Hermite data also uses slope information
e Regression uses more points than coefficients

One-dimensional problems

e Smooth approximations

— Orthogonal polynomial methods for nonperiodic functions

— Fourier approximations for periodic functions
e Less smooth approximations

— Splines

— Shape-preserving splines



Multidimensional data

e Can use direct, dimension-by-dimension generalizations of orthogonal
polynomials and splines

e Neural networks become useful
Approximation versus Statistics
e Similarities:

— both approximate unknown functions

— both use finite amount of data
e Differences

— approximation uses error-free data, not noisy data

— approximation generates data, not constrained by observations



Integration
e Integrals frequently arise in economics

— Expected utility
— Discounted utility and profits over a long horizon
— Bayesian posterior

— Likelihood functions

e Most integrals cannot be evaluated analytically



Newton-Cotes Formulas

e [dea: Approximate function with low order polynomials and then
integrate approximation

e Step function approximation:

— approximate f(x) with constant equal to f(z) at midpoint of [a, b]
— Integral approximation is aUQV'b box

e Linear function approximation:

— approximate f(x) with linear function between a and b

— Integral approximation is trapezoid a P Rb
e Parabolic function approximation:

— approximate f(x) with parabola through a, b, and (a + b)/2

— Integral approximation is area of aPQQRb



e Trapezoid Rule: piecewise linear approximation

— Simple rule: for some £ € [a, b]

(b—a)
12

/ Fa) de = 222 [f(a) + £0) - 7€)

2

— Composite trapezoid rule:
«nodes: zj=a+(j—3)h, j=12,...,n h=(b—a)/n
* for some € € [a, b

b
/f(x)dac = g[f0+2f1+"'+2fn—1+fn]

h2<b_a) "

e Simpson’s Rule: piecewise quadratic approximation

— for some £ € [a, b]

[ 1w e = (452) [ra+as () +50)]

(b—a)l .
5530 FA

— Composite Simpson’s rule: for some & € |a, b]

b
/ f(z) dov = % fo+4fi+2fo+4fs+ - +4fa1+ fi]

hi(b — a)

A S CY
—— ()

e Obscure rules for degree 3, 4, etc. approximations.



GGaussian Formulas

e All integration formulas are of form

/ flz) w(z) de = Z w; f(x;) (7.2.1)

1=1

for some quadrature nodes x; € |a,b] and quadrature weights w;.

— Newton-Cotes use arbitrary x;

— Gaussian quadrature uses good choices of z; nodes and w; weights
— Note: w; # w(z;)

e Fixact quadrature formulas:

— Let F}. be the space of degree k polynomials

— A quadrature formula is exact of degree k if it correctly integrates
cach function in Fp

— Gaussian quadrature formulas use n points and are exact of degree
2n — 1



Gauss-Chebyshev Quadrature
e Domain: [—1, 1]
o Weight: (1 — z2)~1/2

e Formula:

/f (1= ) = Zf(scw T 0

for some £ € [—1, 1], with quadrature nodes

(2i—1 ) :
T; = COS T, t=1,...,n.
2n

(7.2.4)

(7.2.5)



Arbitrary Domains
e Want to approximate fab f(z)dx

— Different range, no weight function
— Linear change of variables v = —1 4 2(y — a)(b — a)
— Multiply the integrand by (1 — 22)~1/2/(1 — 2?)~1/2,
— C.0.V. formula
b 1 211/2
_b—a (x+1)(b—a) (1 — a2V
[ wan=25 [ () e @

1

— Gauss-Chebyshev quadrature produces

/abf@) dy = ”(62—;)Zf (m + 1;(19 —a) +a) (1 221

where the x; are Gauss-Chebyshev nodes over [—1, 1].



Gauss-Hermite Quadrature
e Domain: [—00, o0
o Weight: e’

e Formula:

nlyr ()

/OO f(l‘)e_$2d$ = Zzzlwzf@?z) + on (272)'

for some & € (—o00, o).



Normal Random Variables

o Y is distributed N(u, o?)

e [Expectation is integration:

B} = ro?) [ Flyye

e Use Gauss-Hermite quadrature

— linear COV z = (y — p)/vV2 o
— COV formula:

/ fly /20%) Gy = /Oof(\/iax—ku)er\/iad:v

o

— COV quadrature formula:
E{f(Y)} =772 Y wif (V202 + p)
i=1

where the w; and x; are the Gauss-Hermite quadrature weights
and nodes over [—o0, 00].



Gauss-Laguerre Quadrature
e Domain: [0, oo
o Weight: e

e Formula:

00 n (2n)
/0 flx)e Fdx = szf(xz) + (n')2f<2n§§)

for some ¢ € [0, 00).
e General integral

— Linear COV z = r(y — a)
— COV formula

/Ooe"”yf( dy— ($Z+a)

where the w; and x; are the Gauss—Laguerre quadrature weights
and nodes over [0, 0o].




Multidimensional Integration
e Most economic problems have several dimensions

— Multiple assets

— Multiple error terms
e Multidimensional integrals are much more difficult

— Simple methods suffer from curse of dimensionality

— There are methods which avoid curse of dimensionality



Numerical Dynamic Programming

Discrete-Time, Infinite-Horizon Problem:

e Objective:

H}uetLXE {iﬁtW@m ut)} (12.1.1)
t=1

— X set of states
— D: the set of controls
— D(x) C D: controls which are feasible in state x.

— 7(x, u) payoff in period t, for x € X at the beginning of period
t, and control u € D is applied in period .

— F(A;x,u) : probability that x* € A C X conditional on current
control u and current state x.

e Value function: if U(z) is set of all feasible strategies starting at .

V(z) = sup {Z B(xs, wp)|wo = :U} (12.1.8)

U(x)



e Bellman equation

Viz) = 21&)) m(z, u) + BE {V(z)|z,u} = (TV)(z), (12.1.9)

e Optimal policy function, U(z):
U(z) € arg max n(z, u)+BE{V(z")|z, u}.

ueD(x)

Standard existence theorem:

Theorem 1 If X is compact, B < 1, and w s bounded above and
below, then the map

TV = sup 7(z,u)+ BE{V(z") | z,u} (12.1.10)
ueD(x)

1s monotone i V', is a contraction mapping with modulus B in the
space of bounded functions, and has a unique fixed point.

e Finite-horizon problems can be similarly expressed where value func-
tion depends on number of periods from end.



Deterministic Growth Example

V (ko) = max,, 3% Bu(c),
kt+1 = F(k’t) — ¢ (12112)
ko given

e Fuler equation:
() = Bu'(crr1) F (ki)
e Bellman equation
V(k) = max u(c) + BV (F(k) — c). (12.1.13)
e The solution to (12.1.13) is a policy function C'(k) and a value function
V (k) satistying
0 = u(C(k)F'(k)—V'(k) (12.1.15)
V(k) = u(C(k))+ BV (F(k) — C(k)) (12.1.16)

e (12.1.16) defines the value of an arbitrary policy function C(k), not
just for the optimal C'(k).
e The pair (12.1.15) and (12.1.16) combines

— the definition of the value function of a policy (12.1.16), and
— a first-order condition for optimality (12.1.15).



Stochastic Growth Accumulation

¢
V(k,0) = IE.EE{E{Zﬂ ct}
ki1 = F(kt, 975) — G
01 = g(0s, &)

¢; . 1.1.d. random variable

ko=Fk, 6, =20.
e State variables:

— k: productive capital stock, endogenous

— 6: productivity state, exogenous
e The dynamic programming formulation is
Vi(k,0) = max u(c,£) + BE{V(F(k,0) — c,07)|0(12.1.21)
0" =g(6,¢)
e The control law ¢ = C(k, ) satisfies the first-order conditions
0=u.(C(k,0)) — BE{u(C(k™,07))Fp.(k™,07) | 6}, (12.1.23)
where

k* = F(k, L(k,0),0) — C(k,0),



Discrete State Space Problems

e State space X = {x;,1=1,--- ,n}

e Controls D = {w;|i = 1,...,m}

® gij(u) =Pr(zi1 = x|z = T, up = 1)

o Q(u) = (g;(u)); ; - Markov transition matrix at ¢ if u; = u.

Value Function iteration

e Initial guess

e Bellman equation: iteration j from backwards iteration
n
k+1 k1 -
V! = max [z u)+ B8 qw) V], i=1,-n
j=1

e Bellman equation can be directly computed

— Called value function iteration
— Infinite-horizon problems

x Can use value function iteration with arbitrary V. and iterate
k — oo.

x Frror is given by contraction mapping property:

V-

1



Continuous states: discretization

e Method:
— “Replace” continuous X with a finite
X*:{xu/&:l: 7n}CX

— Proceed with a finite-state method.

e Problems:

— Sometimes need to alter space of controls to assure landing on an

z in X.

— A fine discretization often necessary to get accurate approxima-
tions



Continuous Methods for Continuous-State Problems

e Basic Bellman equation:

V(z) = urengé)ﬂ(u, z)+ B E{V(z")|z,u)} = (TV)(x). (12.7.1)

— Discretization essentially approximates V' with a step function

— Approximation theory provides better methods to approximate
continuous functions.

Approximating V' (x)

e Choose a finite-dimensional parameterization

A

V(z)=V(x;a), a € R (12.7.2)
and a finite number of states
X ={x1, 29, , 2}, (12.7.3)

— polynomials with coefficients a and collocation points X
— splines with coefficients a with uniform nodes X

— rational function with parameters a and nodes X

— neural network

— specially designed functional form

e Objective: find coefficients a € R™ such that V(z;a) “approxi-
mately” satisfies the Bellman equation.



Approximating T’
For each z;, (TV)(z;) is defined by

= (TV)(w) = max wlu,z;)+ 5 / Vet a)dF (a2 u) (12.7.5)

In practice, we compute the approximation T

vj = (TV)(xj) = (TV)(z;)

e Integration step: for w; and z; for some numerical quadrature formula
BVallesu} = [ Vi aldFalas,u

— /V(g(%;% €); a)dF ()
= ngV(g(xj,Ua €); a)
¢

e Maximization step: for x; € X, evaluate

A

vi = (TV)(:)
e Fitting step:

— Data: (v;,z;), i=1,---,n
— Objective: find an a € R™ such that V(z; a) best fits the data

A

— Methods: determinied by V' (z;a)



Value Function Iteration

guess a — V(z;a)
- (Uz'aajz')7 /l’:l: y TV

— New a
e Comparison with discretization

— This procedure examines only a finite number of points, but does
not assume that future points lie in same finite set.

— Our choices for the x; are guided by systematic numerical consid-
erations.

e Synergies

— Smooth interpolation schemes allow us to use Newton’s method
in the maximization step.

— They also make it easier to evaluate the integral in (12.7.5).



e Convergence

— T is a contraction mapping

— T may be neither monotonic nor a contraction

e Shape problems

— An Instructive Example

Figure 4:

— Shape problems may become worse with value function iteration

— Shape-preserving approximation implies monotonicity



Comparisons

We apply various methods to the deterministic growth model

Relative L2 Errors over [0.7,1.3]

N (8,7) :
(.95,-10.) (.95,-2.) (.95-.5) (.99,-10.) (.99-2.) (.99,-.5)

Discrete model
12 7.6e-02 28e-03 5.3e-03 7.9e-01 1.8e-01 1.1e-02
120 1.2e-03 2.2e-04 5.3e-04 4.5e-02 6.6e-02 1.3e-03
1200  1.0e-04 2.1e-05 5.4e-05  2.9e-03 5.4e-03 1.3e-04

Linear Interpolation

4 79e-03 4.1e-03 2.4e-03 8.0e-03 4.1e-03 2.4e-03
12 1.5e-03 9.8e-04 5.6e-04 1.5e-03 1.0e-03 6.3e-04
40 39e-04 2.3e-04 9.8e-05 4.2e-04 2.8e-04 1.6e-04
120 1.1e-04 3.7e-05 1.3e-05 1.4e-04 8.4e-05 4.2e-05

Cubic Spline
4 6.6e-03 5.0e-04 1.3e-04 7.1e-03 5.7e-04 1.8e-04
12 87e-05 1.5e-06 1.8¢-07 1.3e-04 4.9e-06 1.1e-06
40  7.2e-08 1.8¢-08 5.5e-09  7.6e-07 8.8e-09 4.9e-09
120 5.3e-09 5.6e-10 1.3e-10  4.2e-07 4.1e-09 1.5e-09

Polynomial
4 DNC 5.4e-04 1.6e-04 1.4e-02 5.6e-04 1.7e-04
12 3.0e-07 2.0e-09 4.3e-10  5.8e-07 4.5e-09 1.5e-09
Shape Preserving Quadratic Interpolation

4 1.1e-02 3.8e-03 1.2e-03 2.2e-02 7.3e-03 2.2e-03
12 6.7e-04 1.1e-04 3.1e-05 1.2e-03 2.1e-04 5.7e-05
40  3.5e-05 5.8e-06 8.3e-07 4.5e-05 9.3e-06 3.0e-06
120 2.5e-06 1.5e-07 2.2e-08 4.3e-06 8.5e-07 1.9e-07



Summary:
e Discretization methods

— Easy to implement,
— Numerically stable
— Poor approximation to continuous problems

— Curse of dimensionality
e Continuous approximation methods

— Can exploit smoothness in problems
— Possible numerical instabilities

— Better able to handle multidimensional problems



