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6.2 Drawing from Multivariate Normal Densities

We have that a draw from N
¡
η, σ2

¢
can be easily achieved as e∗ = η + σµ where µ ∼ N (0, 1).

We can generalize this procedure to the case where we are interested in drawing from the

multivariate normal N (η,
P
), where η is the m× 1 vector of means and P the corresponding

m×m covariance matrix of the random variables. We would like to keep the thing as simple as

in the univariate case, so we would look like something of the following form

e∗ = η + τ
³X´

µ

where µ is a m × 1 vector of i.i.d. standard normal density draws and τ (·) denotes a trans-
formation matrix applied to

P
. In the univariate case, η and µ are both scalars and the

transformation of the variance, τ
¡
σ2
¢
= σ, was simply taking the square root of the variance.

The major difference that hampers the direct application of this procedure to the multivariate

case is that one cannot simply take the square root of a matrix like
P
. However, the matrix-

equivalent transformation of taking the square root is to decompose
P
in the product of two

parts, LL0 where, for the case of m = 3

L =

 s11 0 0

s21 s22 0

s31 s32 s33


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This in fact implies that e∗1
e∗2
e∗3


| {z }

e∗

=

 η1

η2

η3


| {z }

η

+

 s11 0 0

s21 s22 0

s31 s32 s33


| {z }

τ(
P

)

 µ1

µ2

µ3


| {z }

µ

=

 η1

η2

η3

+
 s11µ1

s21µ1 + s22µ2

s31µ1 + s32µ2 + s33µ3


We can see that the correlation between say e∗1 and e∗2 is driven by the fact that both simulated
terms have µ1 in common. Further, it is easy to check that V (e

∗) = (Lµ) (Lµ)0 = Lµµ0L0 =
LIL0 =

P
.

6.2.1 Drawing from Truncated Multivariate Normal Densities

This is one of the most difficult densities to draw from, yet, it is fundamental to the computation

of the multinomial probit model. Recall that the probability that a unit chooses alternative j is

Pr (Choose j) =

Z
B
f∗
¡
²∗nj
¢
d²∗nj

=

Z
RS−1

1
£
²∗nj ∈ B

¤
f∗
¡
²∗nj
¢
d²∗nj

where B is a rectangle in the RS−1Euclidean space. Each dimension of the multivariate density

has it’s own truncation point. For example, in the bivariate case, one may wish to draw from

the zone B = [a, b]× [c, d] ⊂ R2 associated with the integralZ b

a

Z d

c

biv
¡
ε∗nj1, ε

∗
nj2, ρ

¢
dε∗nj1dε

∗
nj2

with biv (·) symbolizing the bivariate standard normal density. There are several ways to do
this.

Crude Frequency Simulator This would imply drawing from a multivariate normal density

e∗ as done in the previous subsection

e∗ = η + τ
³X´

µ

then check if the draw e∗ is inside the required zone B. If it is inside, record a value of

one, otherwise, record a value of zero. Do this R times and just take the proportion of 1’s

as the estimate of the probability. Formally, this simulator can be written as

Pr (e∗ ∈ B) ' 1

R

RX
i=1

1 [e∗i ∈ B]
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where e∗i denotes one of the R draws that we take from the multivariate normal density.

The main problem with this simulator is that is jumps and is discontinuous in the pa-

rameters that we seek to estimate7. Furthermore, it may take an enormous amount of

computer time to get sufficient draws to estimate small probabilities since small proba-

bilities are associated with small rectangles B. This implies that it is likely that small

probabilities are estimated to be 0 due to the lack of draws inside the rectangle, and this

is particularly troublesome in the MSL case where we take the logs of these simulated

probabilities. Needless to say that the log of 0 is undefined. A more complete discussion

of this point can be found in Train (2002).

Importance Sampling This procedure transforms a difficult density to draw from into an

auxiliary density from which it is easy to draw from. For example, suppose that we wish

to draw from Z
t (e) g (e)de

where g (e) is the density to draw from and t (e) is some statistic but that to draw from

g (e) is very hard but easy to compute. However, if you have an auxiliary density f (e)

with the same range as g (·), but which it is easy to draw from, then we can do importance
sampling. The idea is easy, multiply and divide the integrand by f (e)Z

t (e) g (e) f (e)

f (e)
de

It is easy to see that this multiplication-division does not change the value of the integral,

hence it is an acceptable thing to do. Now draw e∗r from f (e) and compute

t (e∗i ) g (e∗i ) f (e∗i )
f (e∗i )

Do this R times and average the results and this gives the estimated probability. An

example where such a sampling scheme may be useful is when one needs to draw from

a multivariate truncated normal density. We have seen in the previous sections how to

draw from univariate truncated normal densities and we can do this m times, where m

corresponds to the dimension of e∗. Then, f (e∗i ) =
Qm

i=1 t.u.n (e
∗
i ), where t.u.n (e

∗
i ) means

truncated univariate normal density and we take the product given the draws have been

done independently from each other.
7McFadden (1989) suggested to use a smooth version of the Crude Frequency Simulator where the indicator

function is replaced by a multivariate kernel w (e∗i ) where observations of e∗r close to the region B but not in it

are considered in the probability, although weighted by how far away from B they are. This procedure basically

expands the region around B in which draws are considered to be informative of the probability of falling in B.

Like all kernels, a bandwidth h controls the size of the extra zone and as h→ 0, w (e∗i ) → 1 [e∗i ∈ B].
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GHK Simulator This is the most popular simulator of truncated normal densities. It’s popu-
larity originates from the paper of Hajivassiliou, McFadden, and Ruud (1996) who showed

that this simulator outperforms a wide-class of simulators to compute multivariate normal

rectangles and derivatives. It is a little bit more complicated to discuss so we go at a

slower pace and start with the case of a trivariate truncated normal distribution. Denote

e∗ = [e∗1, e∗2, e∗3]
0. We are interested in the following probability

Pr (e∗ < b) = Pr (e∗1 < b1, e
∗
2 < b2, e

∗
3 < b3)

where, in the previous notation, one could see the rectangle to b defined as B = [−∞, b1]×
[−∞, b2]× [−∞, b3]. The GHK simulator decomposes this joint probability in the product

of conditionals and marginals

Pr (e∗ < b) = Pr (e∗1 < b1) · Pr (e∗2 < b2|e∗1 < b1) · Pr (e∗3 < b3|e∗1 < b1, e
∗
2 < b2) (11)

Now, let’s say that we draw e∗ using the Choleski decomposition e∗1
e∗2
e∗3

 =

 s11 0 0

s21 s22 0

s31 s32 s33


 µ1

µ2

µ3



=

 s11µ1

s21µ1 + s22µ2

s31µ1 + s32µ2 + s33µ3


From these three equalities, we can rewrite (11) as

Pr (e∗ < b) = Pr (s11µ1 < b1)| {z }
Term 1

· Pr (s21µ1 + s22µ2 < b2|s11µ1 < b1)| {z }
Term 2

·

Pr (s31µ1 + s32µ2 + s33µ3 < b3|s11µ1 < b1, s21µ1 + s22µ2 < b2)| {z }
Term 3

We have three terms to evaluate. Each of these will be evaluated in turn, starting with

the first term.

1. Pr (s11µ1 < b1) can simply be computed as Φ (b1) where Φ (·) denotes the CDF of the
standard normal density. No need for simulations here, simply compute

Φ (b1) (12)

2. Pr (s21µ1 + s22µ2 < b2|s11µ1 < b1) =
R b1/s11

−∞ Φ (b1 − s21µ1/s22) · φ (µ1)dµ1. The inte-

gral here appears because we condition on all values of µ1 lower than b1/s11. Since
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there is an integral and that computers cannot integrate, we must resort to simulation.

To proceed, we need to draw from a truncated normal density in [−∞, b1/s11]. This

can be done in a similar way as described in the section of drawing from truncated

univariates. Label this draw µ∗r1. It is then easy to compute

Φ (b1 − s21µ
∗
i1/s22) (13)

Repeat this step R times and average the results. This gives a simulation of the

second term.

3. Pr (s31µ1 + s32µ2 + s33µ3 < b3|s11µ1 < b1, s21µ1 + s22µ2 < b2) is the last part of the

problem. This expression is analogous to the preceding one, except that we are

conditioning now on two values, µ1 lower than b1/s11 and µ2 lower than µ2 <

(b2 − s21µ1) /s22. This generates the following integralZ b1/s11

−∞

Z (b2−s21µ1)/s22

−∞
Φ ((b3 − s31µ

∗
r1 − s32µ

∗
i2) /s33)φ (µ1) dµ1φ (µ1)dµ2

What do we do in practice ? We have already drawed µ∗i1. Using them, we can draw
µ∗r2 from the truncated are [−∞, (b2 − s21µ

∗
i1) /s22]. Given this, we compute

Φ ((b3 − s31µ
∗
i1 − s32µ

∗
i2) /s33) (14)

and repeat the operation R times, then, average the results.

This is the end of the process. The final step is simply to multiply (12), (13) and (14)

together

Pr (e∗ < b) = Φ (b1)·
Ã
1

R

RX
i=1

Φ (b1 − s21µ
∗
i1/s22)

!
·
Ã
1

R

RX
i=1

Φ ((b3 − s31µ
∗
i1 − s32µ

∗
i2) /s33)

!
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