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GENERAL INFORMATION 1

PREFACE

It has been a while since the last issueN#XKE Nieuwssaw the light of day. This does not
mean, however, that nothing has happened on the NAKE front. For one, there have been some
drastic changes in the division of tasks in the Board of Management. Gerard van der Laan
was succeeded by Joan Muysken as Chairman, Simon Kuipers is the new Secretary, and Theo
van de Klundert has taken over the portfolio of Treasurer from our new Chairman. The Board
of Managemant will have a tough job ahead of itself in the coming months. Recruitment for
the new NAKE Director will commence in the coming weeks, and potential candidates should
pay attention to the job ads in the national newspapers and read the elebtAdfiECcBulletin

NAKE Fellows who know of good candidates should make this known either to me
(b.j.heijdra@eco.rug.nl) or to the new Chairman, Joan Muysken
(-muysken@algec.unimaas.nl).

In addition to reshuffling its tasks, the Board of Management has also looked at the
issue of inactive NAKE Fellows. A NAKE Fellow is expected to contribute actively to the
NAKE activities, e.g. teach a Utrecht course, write reports on NAKE Day thesis proposals,
etcetera. As a result of a stock-taking exercise which was conducted during the second half
of 1998, there have been some changes in the list of NAKE Fellows. Some formerly active
fellows had over the years drifted away from the core fields covered by NAKE and felt that
they could no longer contribute to it. The up-to-date list of (by definition) active NAKE
Fellows can be found on the NAKE homepage.

In this issue oNAKE Nieuwsyou find (the remaining) two reports on the lectures of
the June 1998 workshop which was held in Wageninggjsbert van Lomwel (KUB) has
written a very good and concise report on the econometrics lectures by Tony Lancaster on
“Panel data analyses.” Gijsbert has a lot of NAKE brownie points anyway, because in
addition to writing the winning Lancaster-interpretation he @érles Bos(EUR) also were
excellent local organizers for the December 1998 workshop in beautiful Rotterdam. Wicked
voices would argue that there is a quid pro quo here but that is absolute false: the best
econometrics report was not even selected by me!

The second report is byhijs Knaap (RUG) who writes very lucidly on the
Wageningen lectures by Michael Woodford on “Analysis of monetary policy rules.” Thijs is
a “repeat offender” in the sense that his report on Ricardo Caballero (June 1996) was also
deemed to be the best in its class ($8KE Nieuws August 1997,9(2), 6-13). So either
Thijs has bribed me (no!) or he is just a fine young macroeconomist (yes!).
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COURSE QUESTIONNAIRE 1999-2000 UTRECHT PROGRAMME

In the middle section of thiNAKE Nieuwsyou find a removable course questionnaire plus

a listing of all currently existing courses that are offered by the NAKE Fellows. The outlines
of (almost all) these courses can be found on the NAKE homepage. Also on the questionnaire
you find a listing of proposed courses (bearing a course number preceeded by an “E” for
extra). For some of these courses not much more than the teacher and course title are
available at this stage.

Between 16 and 24 courses can be scheduled for inclusion in the Utrecht teaching
programme for 1999-2000. | can only design a well-balanced and attractive programme if the
potential clientele reveals its (collective) preferences. For this reason | would like to ask all
(potential) course participants to fill out the questionnaire and return it to the NAKE
secretariabefore May 1, 1999 Even if you are not sure that you will actually enrol when
time comes around, please let us know what you want.

Of course, suggestions for new (i.e. non-existing and currently unplanned) courses are
also welcome. We will try to find an appropriate NAKE Fellow to develop and teach the
course of your liking. The provisional teaching programme for the academic year 1999-2000
will be announced some time in June 1999 on the NAKE Home Page.

Ben Heijdra



Tony Lancaster
Panel Data Analyses

report by Gijsbert van Lomwel *

November 19, 1998

1 Introduction

The analysis of panel data has become widespread in econometrics. Panel
data in general are data sets in which there are multiple observations on the
same agents. For instance, one could think of observing multiple unemploy-
ment spells of the same unemployed individual. The standard methods to
analyze these data can be summarized by three characteristics.

1. Emphasis in existing literature (eg. Hsiao (1985)) on simple estima-
tion, like Least Squares;

2. Frequentist inference;
3. Random effects.

The aim of these lectures by Tony Lancaster is to show how new methods
can give more insight into panel data models. These new methods can be
characterized, as opposed to the existing methods above, by

1. Computer Intensive, leading to exact! inference;
2. Bayesian inference;
3. Fixed effects.

There are several types of panel data models. What follows first is an
overview of some of these models. Then the conventional, maximum likeli-
hood based, methods and the new methods as proposed by Tony Lancaster
will be discussed. These new methods are demonstrated by an application

“Department of Economics, Tilburg University, P.O.box 90153, 5000 LE Tilburg and
CentER

!Exact from a Bayesian point of view, i.e. the exact posterior distribution of the
parameters



to optimal job search models. This is where the lectures actually ended.
This report will end by giving a brief overview (based on the reader) of
the last two topics, the incidental parameters problem and its solution, or-
thogonal parameters. Incidental parameters are also known as nuisance
parameters. They arise in panel data models as parameters covering indi-
vidual specific, time-invariant effects. As opposed to structural parameters,
incidental parameters only appear in the probability law of a finite number
of random variables, while structural parameters appear in the law of every
random variable. As we will see below, incidental parameters can cause max-
imum likelihood estimates of the structural parameters to be inconsistent.
One way of solving this is the orthogonal parameter approach. This trick
boils down to diagonalizing the information matrix, by finding a suitable
reparametrization of the incidental parameters.

2 panel data models

In all models below, N denotes the number of agents and T denotes the
number of observations on each agent.

2.1 Linear Panel

Yit = vi + Brit + € (1)
€it ~ i.i.d. N(0,0?) (2)

This is the easiest model. In this model, 8 can be estimated consistently
by first differencing the model, thereby loosing the so called fixed effects v;.
However, the maximum likelihood estimator for o is inconsistent, but this
can be easily adjusted for (refer the example by Neyman & Scott (1948),
the first occurrence of fixed effects).

2.2 Dynamic Linear Model

Yit = V; + pYit—1 + PBri + € (3)
€it ~ i.i.d. N(0,0?) (4)

This model arises for instance in cross-country growth models, addressing
the question of growth rate convergence. The fixed effect v; can then be
interpreted as the country specific time invariant factors affecting the level
of GDP. In this model there is persistence through v; and partially through
yit—1. The problem is that maximum likelihood estimates for both p and o?
are inconsistent, because the persistent error terms are correlated with the
lagged dependent variable through v;. First differencing does not help in
this case. The standard method to solve these inconsistencies is to take an
instrumental variable approach. We will return to another method to solve
this problem, the orthogonal parameter approach.



2.3 Panel Count Data
yir ~ Poisson(v;e’Tit) (5)

One could think for example as y being annual patent filings for firm 3
(Hausman, Hall & Griliches (1984)). This model looks easy, but is not.
It suffers from the incidental parameters problem, leading to inconsistent
estimates. Again a way to solve this is the orthogonal parameter approach.

2.4 Panel Probit Logit
yit ~ Bernoulli(F(v; + Bxi)) (6)

with F' some known distribution function. This is equivalent to Pr(y; =
L, By i1 -+ - zi7) = F(v; + Bry). For F equal to the normal distribution
function, we get the probit model, and when F' is logistic we get the logit
model. This model is a fundamental one, because a lot of models can be
reduced to this one.

If the v; are treated as random effects, one can get consistent estimates
of 4 by integrating v; out. However, if the v; are treated as fixed effects,
maximum likelihood in general gives inconsistent estimates. If F' is logistic,
there is a solution. In this case there is a sufficient statistic for v; when [ is
known, S; = E%FZI y;t- Then the likelihood of the data y;; - - - y;7 conditional
on S; does not depend on v;. Other distributions F' are not known to have
a sufficient statistic for v; and this problem is still unsolved.

2.5 Dynamic Panel Probit Logit

A dynamic version of the model in the previous subsection is
Yit|Yit—1 ~ Bernoulli(F (v + Bzit + YYit—1)) (7)

with F' some known distribution function. This model is still unsolved.

2.6 Panel Duration data

Let
Yit ~ E:L“ponential(vz-eﬂwit) (8)

so that y;; has hazard v;ef%i. For panel duration models of this, proportional
hazards, type, consistent estimates are available under some mild regularity
conditions.



2.7 Dynamic Panel Duration data

One could imagine that having experienced a spell of unemployment might
have a negative effect on the chance of leaving a second spell of unemploy-
ment. This scarring effect is captured by the parameter v in the following
dynamic panel duration model.

Yit|Yit—1 ~ Exponential(viy%_leﬁm“) (9)

For this model maximum likelihood gives inconsistent estimates.

2.8 Multiple Discrete State Process

Multiple discrete state processes are an extension of the probit / logit model.
In this case the outcome of one process affects the outcome of another pro-
cess. One might think of the amount of tissues you buy depending on the
amount you bought last period, but also on whether or not you had a baby
in the previous period;

Yit|Ytit—1, Y2it—1 ~ Bernoulli(F (v; + Bxi + Yy1it—1 + py2it—1)) (10)

As one can imagine, this complicates the analysis even further, compared to
the standard probit or logit model.

3 Methods of Analysis

One can take different approaches to attack the consistency / incidental
parameters problems, described above. In this lecture these methods are
reviewed. Three approaches will be distinguished:

1. Likelihood methods
2. Bayesian methods

3. Sampling Bayes and Data Augmentation

3.1 Likelihood methods

Let L(#),0 € © denote the log-likelihood. The data having occurred, we
can think of the likelihood as the probability of the data conditional on
unknowns called parameters. We take the logarithm of this function for
mathematical convenience. The derivatives of this log-likelihood function to
0 play a key role in the analysis of the maximum likelihood estimator. The
score is defined as the first derivative to @ , %—s. This score has the following
fundamental property:

Eo—,| 5] =0 (11)

4



Suppose you have a data generating process, described by a parameter 6.
The property above means that when you have different realizations of this
process with 0 = 6y, i.e. different data sets, and for each data set you draw
the log-likelihood, then on average the slope of the log-likelihood function
evaluated at the true parameter 6y equals 0. The negative Hessian is defined
as

L
“oP 12
Related to this is the Information, defined as
0*L OL1?
_E|l—| = =F|—| . 1
5| =10 =8| 5] (13)

The maximum likelihood estimator of 6, é, is the solution of the likeli-
hood equations, the first order condition that the score equals 0;

oL
0f

This estimator has the following properties

=0. (14)

V(B — 6y) ~ N(0,3(6p)"),n — oco. (15)

This means that the quantity \/n(0 — 6y) has a limit in distribution that
is a normally distributed random variable. This is the distribution after
repeatedly taking an infinite sample from the data generating process with
parameter #y. Because the mean of this distribution equals 0, the estimator
is consistent. It can also be proven that this estimator is asymptotic efficient
(see for example Davidson & MacKinnon (1993)).

As an example of how maximum likelihood works, consider a random
sample drawn from an Ezponential(ve®?) distribution. For instance, this
sample could be observations on durations ¢. Then the contribution to the
likelihood of observation i equals

Iy = petiBeve" i, (16)

Taking logs gives the log-likelihood contribution of observation 7,

Li = IOgU + J?l,B - Uemiﬂti. (17)

We also have oL )
U 18
90 v € i ( )

Combined with the fact that the expectation of ¢; equals wﬁ, we get the
general property stated above that in repeated sampling of ¢t with z;, 6 and

v fixed, you get on average % =0, or
oL;
E[ 81)} = 0. (19)
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To get the maximum likelihood estimate for v, we construct the likelihood
equations and solve for v.

OL n
_ TiBy. _
————E e’iPt; =0, (20)
ov v -
R n
V= S emty (21)

We can now lower the dimension of our maximization problem by one, by
substituting the above maximum likelihood estimate of v (which is a function
of () into the log-likelihood function?. Solving the likelihood equations,
which now only depend on (3, gives the maximum likelihood estimate for (.

3.2 Bayesian methods

We now consider the same example from a Bayesian perspective. Again
we have n independent observations on n individuals with covariates x;
and parameter pair (v,(3). Because these observations are drawn from an
Exponential(ve®?) distribution, the likelihood of this data set is

| = pledaiiBemv 20 et (22)
Central in doing Bayesian inference is Bayes’ rule:
P(0|data) = P(data|f) - P(0)/P(data) (23)

in which 6 denotes the vector of parameters to be estimated. In Bayesian
jargon, P(f|data) is called the posterior, P(0) the prior and P(data|f) the
classically familiar likelihood. P(data) does not depend on the parame-
ters and just serves as a scaling factor to let the posterior integrate to 1.
The posterior is a mixture of the prior believes about the parameters and
the "current information”, ie. the data. In this way one can continuously
accumulate information about the parameters, because the posterior can
serve as the prior as soon as new information becomes available. Note that
the specification of the prior believes about the parameters is a subjective
matter, which should be done without taking notice of the data. Objective
Bayesians propose to take uninformative priors, stating that the parame-
ters could be anywhere in the parameter space, but this has not ended the
discussion between Bayesians and frequentists.

Let’s proceed by taking the following prior, denoted by m(v,3) %
Then the posterior equals

P(v, Bldata) o Ledi TiB v ) €t (24)

2This procedure is called concentrating the likelihood, or profiling the likelihood in
statistics



If we are interested in the parameter [, we can integrate out v from the
above expression:

P(p|data) g2 vif /vn_le_wdv, b= Zemiﬁti. (25)

In the 1-dimensional case (just 1 (), you can graph P(f|data). However,
what to do in case of a higher dimensional posterior? In case of 15 §’s it is
at least hard to integrate all other 14 §’s out in order to graph the posterior
distribution of the one B you are interested in. This is where computer
intensive methods like sampling and data augmentation come into play.

3.3 Sampling Bayes and Data Augmentation

Suppose you have a posterior p(61, 62|data), 61,02 both parameter vectors,
and you are interested in #;. In this case, you can proceed by integrating
out 0o;

p(6:|data) = / (61, 0s|data)dbs. (26)

Now suppose you cannot integrate, for instance because 65 is of very high di-
mension. The solution then is to sample from the distribution p(0y, 62|data),
using the Gibbs sampler. To do this, first construct the so called component
conditionals. In the example above these are:

p(61]62, data)
p(62]61, data)

Using these component conditionals, we can construct a Gibbs sequence of
random variables

09,67,05,01,...,05 0F. (27)

The initial value 69 is chosen, and the rest of the sequence is obtained
iteratively by alternatively sampling from

6] ~ p(6:1]03, data)
0,7 ~ p(62]07, data).

Under certain regularity conditions, the sequence 9{, 9% converges to a sta-
tionary distribution, which turns out to be the joint distribution p(6y, 62 |data).
Therefore, for k large enough, each 6% is an observation (correlated with
Hlf_l) of the marginal distribution. One way to obtain a sample from
the marginal distribution is to generate m independent Gibbs sequences
of length k and using the final observation of each sequence.

Consider for example the bivariate normal distribution with parameters
11, b2, 01,09 and p. The analytical expression for this distribution is quite



difficult. The component conditionals are univariate normal

pPO102
Pl data) ~ N (1 + 222 2 = o), o (1 = 7))
2

pPO102
el data) ~ N (s + 2272 00 = ). 31— 7)),
1

These distributions can be easily sampled from in order to construct Gibbs
sequences. It is very illustrative to plot this sequence. In the 2-dimensional
case the 99% region of a uni- modal distribution is an ellipse. The chain
passes through this ellipse, exploring the region where the probability is non-
negligible. Suppose now we have sampled m independent observations y’f, yé“
by the way described above. These observations can be used to estimate
the marginal densities. The common sense thing to do would be to take a
histogram kernel smoother approach. However, this is not the most efficient
thing to do. Most efficient is to use the quantities p(yi|y2) because these
carry more information about p(y;) than the y¥’s alone. By definition we
have that

p(y1) = /p(yl,yz)dyQ = /p(y1|y2)p(y2)dy2- (28)

This is an average of p(yi|y2) at any point y;. We know the quantities
p(y1|y2) by definition of Gibbs sampling. This leads to the estimator

) = = 3wl (29)
=1

i.e. substitute all the final observations of the m sequences y% you have sam-
pled in the known component conditional and average over all m sequences.
This method is called the Rao-Blackwell method.

In a way, Gibbs sampling boils down to conditionals determining the
marginals. As Casella & George (1992) show, the Gibbs sequence of one
of the random variables can be seen as a Markov chain, with the transi-
tion probabilities determined by the component conditionals. Like above
consider the bivariate case Y7,Y;, with marginal probabilities py, (y1) and
Py, (y2). Using the laws of conditional probability you get for py, (y1) (and
analogously for py; (y2))

pri() = [ o v (0, (30)

where h(y1,t) is a function of the component conditionals. The above equa-
tion defines a fized point integral equation, for which py, (y1) is the unique
solution. Gibbs sampling works because the iteration scheme in the limit
equals the above equation, i.e. as k — oo
0
pyryo(y1ly1) = pyi(y1)
pylk‘ylk—l(ylu) — h(y1lt).

8



Now consider a simple probit model

Y€ {Oa l}a P(yl = 1|aa/83xi) = Q)(a + ﬁxz)a (31)

where ®() denotes the cdf. of the standard normal distribution. The likeli-
hood of a sample of n observations equals

n

la,B) = H O(a + fr;)Y - O + ,Bmi)l_yi. (32)

=1

Taking an uninformative prior, m(«, 3) o 1, implies that the posterior is
proportional to the likelihood. This posterior is a mess, as are to component
conditionals, so Gibbs sampling is a bad idea. However, consider the latent
regression belonging to the above probit model,

y;" =a+ 0zr;+e¢, € ~iid. N(O, 1). (33)

In the model y; = 1iffy* > 0. Suppose now we sampled from p(a, 5, v7, . ..,y |data).
We don’t have to know the analytical expression for this posterior, because
the component conditionals follow in an intuitive way.

L. p(e, Blys, - - -, yh, @i, data) = p(a, Blys, . . .,y , z;) because the data are
redundant when yj,...,y; are known. Given the latent regression and
the uninformative prior, this conditional is equal to

1 1 *_ )2
plasBlyls -y mi) = =me 5 2l —a—pei)?

Note that a and (B enter quadratically in this expression, ie. they
have a multivariate normal distribution. The posterior means of «
and [ equal their Least Squares estimate, while the posterior variance
equals the Least Squares covariance (X’X)~!. To sample from this
multivariate normal distribution, univariate normal distributions can
be used, applying the Choleski decomposition of the covariance matrix.

2. p(y7,...,yplo, B,data). These y;’s are independent. Now consider
p(y7|e, B, data). Thisis a left (y; = 1) or right (y; = 0) truncated nor-
mal distribution with appropriate mean o+ 3 z; and variance equal to

1. So to sample from the component conditional p(y7, ..., y:|a, 5, data)
you can sample n times from the appropriate truncated normal distri-
butions.

The above described technique is called Data Augmentation. This works
because the Gibbs procedure also works when you take the component con-
ditionals block-wise. In other words, the fixed point integral equation also
holds if you consider a pair (Y, Z) as one random variable.



4 An Application

The above described technique of sampling of posterior distributions by data
augmentation and Gibbs is particularly convenient in models with a simple
latent structure (that is to say you wish you would have observed more).
The probit model in the example above is a good example of this. Another is
the classical optimal job search model. In this model, job offers are assumed
to arrive following a Poisson process. Each job offer is a random draw from
a conveniently chosen and parameterized job offer distribution. It will be
shown that using the simple latent structure, inference is relatively simple
(Lancaster (1997a)).

An agent in this model is supposed to maximize the expected present
value of future income streams over an infinite horizon. The optimal policy
can be expressed by a reservation wage &, which satisfies the optimality
condition

X[
§:b+;/§ F(w) dw, (34)

where b is the benefits level, X is the job offer arrival rate, p the discount
rate and F' = 1 — F, F being the cumulative wage offer distribution. The
wage offer distribution is assumed to be log-normal with parameters p and
o. This equation has a unique solution. If the wage offered is higher than &,
the job is accepted and the agent will have this job infinitely long, otherwise
the agent rejects and waits for the next offer (sequential search).

In econometric practice, what is observed are n pairs (w,t) of the du-
ration of search ¢ and the accepted wage w. Let 0 refer to the parameters
p,o,p and . Because t has an exponential (AF(¢)) distribution, and w|t a
truncated log-normal distribution, it easily follows that the likelihood for a
sample of n observations (w;, t;) equals

l(w,t]0) = Are M) X0t I I fw;), b< &< minw;. (35)
. )
)

This is a very difficult expression, not only because £(f) now enters the
kernel of the likelihood. This will not be solved by taking appropriate priors.
Assume that we take the prior w(f) o< 1. Then the above likelihood equals
the posterior distribution of §. Data augmentation enables us to sample
from this distribution. What we will do is point out this procedure when ¢
is treated as a parameter, i.e. there is a reservation wage &, but this is not
necessarily formed by the optimality condition stated above.

We augment the data by the unobserved variables s and wuy,...,us. The
variable s denotes the number of rejected offers, and wuq,...,us denote the
values of these offers. We now want to sample from p(6, £, s, u|w, t). Consider
the (block-wise) component conditionals.

1. p(0,&|s,u,w,t). It follows that under full observability (i.e. we observe
all wage offers, accepted or not), the likelihood function may be taken

10



as

n+S
l(s,u,w,t|0,§) = )\n+567)\T H f(vi)a
=1

v = max{b,max u;;} < ¢ < minw; = w, (36)
i 7 i

where S equals Y ;- s;, T equals > ;" t; and v; is the i’th observed
offer, rejected or not. This likelihood can be easily derived using stan-
dard probability theory. For instance, the probability p(u|s,w,t) is
the offer distribution truncated on the right at ¢ and the distribution
of s|lw,t is a poisson distribution. Now, if § and ¢ are stochastically
independent a priori, then they also are a posteriori. This means that
sampling from p(0, £|s, u, w,t) is easy. The posterior of £ is equal to
the prior distribution restricted to the interval (u,w). The posterior
of € can also be derived straightforwardly.

2. p(s,ul0,&,w,t). As noted above, uls, w,t is the offer distribution trun-
cated on the right at £ and s|w,t is a poisson distribution. Therefore
this posterior is a product over n agents of a poisson distribution for
s; and s; draws from the offer distribution truncated on the right at
&. Therefore, sampling is easy: first sample s and then sample from
this truncated offer distribution.

In case the optimality condition is enforced, £ disappears as a parameter
and p is identified. The output of the Gibbs sampler described above can now
be used to sample from the posterior in this case, p(6|s,u,w,t). However,
the point we want to make here is that the latent structure of the job-search
model causes data augmentation to be very applicable. Considering the
number of rejected offers and their values produces common distributions in
an intuitive way.

A striking outcome of the Bayesian analysis of the job-search model using
Gibbs sampling and data augmentation is that the parameters a posteriori
appear to be far from being normally distributed, as is assumed in the
classical maximum likelihood context.

5 Incidental Parameters

The last part of this lecture was meant to be on the incidental parameters
problem and the orthogonal parameters approach to this problem. In panel
data models with common parameters (say K) to all agents and individual
specific fixed effects (say N), direct application of maximum likelihood to
all N + K parameters can lead to inconsistent estimates of the common
parameters as the number of individual specific parameters goes to infinity.

11



In case the fixed effects f; are likelihood orthogonal to the common
parameters A, possibly after reparametrization of the fixed effects, the in-
cidental parameter problem disappears, because separate inference can be
made on A. In this case

O logl

Afiox
In many cases, likelihood orthogonality cannot be achieved. In these cases
the frequentist approach is to try to find a reparametrization of f;, f such
that

0. (37)

EP2 logl] = 0. (38)

a7 o

In this case, f and A are parameter or informational orthogonal. This is
weaker than the first condition, the second achieves on average what the first
does identically. The second condition is equivalent to block-diagonality of
the information matrix. There are two intuitive reasons why information or-
thogonality works. First, block diagonality of the information matrix means
that asymptotically f; and A are independently distributed, so that separate
inference can be done. Secondly, if f; and A\ are information orthogonal, it
can be showed that maximum likelihood estimates of A hardly depend on
fi-

The Bayesian approach to incidental parameters would be to integrate
them out with respect to an uninformative prior. However, this is no guar-
antee for consistent estimates. The uniform prior needs to be carefully cho-
sen. The frequentist orthogonal parameters approach can help. It turns out
(Lancaster (1997b)) that integrating out orthogonalized fixed effects with re-
spect to an uninformative prior solves the incidental parameters problem in
a number of econometric models, eg. the dynamic linear panel data model.
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Analysis of Monetary Policy Rules
The NAKE lectures of Michael Woodford

Report by Thijs Knaap
June, 1998

1 Introduction

The lectures that professor Woodford taught at the recent Wageningen version of
the NAKE workshop were, in essence, about monetary policy rules. But rather
than taking a partial approach, they involved the construction of a complete
macro model and submerged the crowd of listeners in the rigorous Rotemberg—
Woodford methodology (as also featured in Rotemberg and Woodford, 1992, for
example).

Monetary policy rules describe the behavior of a central bank’s monetary
policy, either ez ante as a policy announcement or ex post as a rationalization
of the bank’s actions by economists. The current interest in policy rules is
from the side of central bankers as well as academia. The central bank needs
an explicit conceptual framework because of increased autonomy, and because
many of the old guideposts, such as monetary targets and exchange rate goals,
have become obsolete. Also, precommitment to a rule may be a better way
to implement a policy than haphazardly fixing the rate because of the way in
which consumer expectations are affected.

In academics, the communis opinio now is that money matters, not so much
as the instigator of shocks, but more in terms of the propulsion of exogenous
shocks to the economy. Developments in modelling now allow for a micro-
founded analysis of this propulsion that was not possible in the past. Those
analyses often call for the formulation of consumers’ expectations about mone-
tary policy, which are difficult to formulate without a rule.

A well-known example of a monetary policy rule is by Taylor (1993), who
gives the desired interest rate as a function of the steady-state interest and
inflation rate (r* and 7*), trend output y* and the actual realizations of these
variables:

Ty =1+ T A P (= ) + by (Yo — vl - 1)

In the United States, a rule like this is thought applicable to the years of Volcker
and Greenspan, 1979 till now. Notice that the variable that is ‘doctored’ is the
interest rate, instead of the usually assumed aggregate money supply. This is



thought more in line with the actual practice of monetary policy; also, policy
aimed at r does not depend on a stable demand for money.

It would be outside the scope of this report to fully replicate professor Wood-
ford’s lectures. By leaving out the non-essential parts, we will try to replicate
the gist of the story, referring the interested reader to Rotemberg and Woodford
(1997, 1998) for the details. In the next section, we look at the micro-founded
macro model that serves as the workhorse for our analysis. Section 3 shows
how this model naturally spawns a criterion by which to judge the outcome of a
policy-rule. The feasibility of different rules is discussed in section 4, and in sec-
tion 5 we look at several counterfactuals run over the period 1979-95. Section
6 concludes.

2 A macro model

The aim of this section is to show the construction of a simple macro model,

which exhibits the interplay between inflation, aggregate production, and the

interest rate. The economy is taken to be a continuum of households, indexed

on [0,1]. Each household functions like a yeoman farmer, producing one good

and trading it with other households. Money is introduced in the model in the

Sidrauski-way, by making households like it per se. The utility of agent jis
J

given by
ot = {3 ()~ o) o () | @

where y,{ is agent j’s production and CZ is a CES aggregate of the different
products consumed by the agent:

1 0_1 031
o= [/ d(z) 7T dz] where 6 > 1. (3)
0

It follows that the market for goods is monopolistically competitive. The func-
tions u and w are increasing and convex, and v is increasing and concave. From
the utility function we see that working causes displeasure and the possession
of money is valued positively. The price index P; combines the prices of goods,
P}, in line with the consumption index in formula (3).

It is assumed that agents have at their disposal the use of risk-free bonds that
pay real interest ;. The Fisher parity condition implies that nominal interest
1; satisfies

P
].-‘rl't:(].—f'?’)%l. (4)
t

Thus, agents can shift wealth through time in the form of both money (mi ) and

bonds (b7). The budget condition that goes with the problem is

J J
j my i, M1
bi+1+7t:(1+r)bi+ P

+y7{7027 (5)



keeping in mind that at time ¢, the decision is made how much money to hold
now and how many bonds to keep until the next period.

Because the agents are both producers and consumers, maximizing their
utility gives the equilibrium of the entire economy. The problem is solved by
analyzing three sub-problems:

1. given total expenditure, allocate across the different goods.

2. given the revenues from supplying the goods, find an intertemporal plan
for {c]} and {m]}.

3. find the optimal pricing (or supply-) decision each period.
Problem 1 is the standard monopolistic competition problem, and renders
. P2\ !
i (2) =¢ (T 6)
t

Problem 2 is solved by substituting (5) in (2) and differentiating with re-
spect to m] and b. This gives two efficiency conditions. First, the usual Euler
smoothing equation

W () = 61+ B [u (chy )] (™)

holds. Secondly, deferring consumption one period and using the freed-up money
to invest in bonds should be utility-neutral, so that!
WOM/P) 1l

u’(ci) 71+Z-t_1+it.

(8)

2.1 Frictionless equilibrium

To solve problem 8, we need to assume a type of price-setting behavior. Assume
first that prices are perfectly flexible. Agents solve the problem

. . P/ P
H;?XA% PiZYt <Fi> —v| Y (ﬁ)

where )\{ is the marginal utility of additional money revenue? at time ¢, and v,
is and index for total consumption, Y; = fol cldj. The f.o.c., taking into account
that P, and v, are not affected by changes in P}, is

 ((0))

Pl = ,
t -1 X

1 This condition may be found by taking (2)’s first order condition w.r.t. m%, and using

the Euler equation (7) and the Fisher parity (4).
2There holds that A = v’ (C€ ) /Pt



Because in equilibrium, all agents act the same, we can substitute in that ¢ =Yy,
m] = My and P} = P, for all j. This leads to the reduced form macro model
with three equations.

The first equation relates money demand and with interest and income:
an LM-type equation.

LU = e = My /Py = L(ys, i) LM

The second equation is reminiscent of an IS equation

ull(:?jt) — ,6 (1 + ltE) u’l(:?jltl) IS

The third equation is the aggregate supply relationship

v (ye) [ () = 5 AS

We see that aggregate supply is constant and independent of monetary policy.
This is due to the assumption of price flexibility made earlier. The first two
equations of this model are not influenced by that assumption and will still hold
later on, when we change it.

The micro-foundations of this model allow us to introduce shocks to different
parts of the economy in a straightforward way (rather than tucking them on to
the reduced form equations). We introduce three types of shocks:

e £, shocks to fiscal policy, added to the function .
e &, preference or technology shocks, added to the function v.
o &5, shocks to the technology of transactions, added to the function w.

Assuming the shocks and their effects on the endogenous variables are rea-
sonably small, we can rewrite the model in a log-linear approximation

log Z\/ft — log Pt = ’I’}yyt — T}l’f’t + Vit LM
—0ly = P4 + By (—08p41 — Tet1) + Vot IS
it =y5 AS

The notation is as follows: g is log(Y¢/Y7), and 7 is log(1+i;) —log(1+i*), where
the values with a star are the equilibrium solutions. Further, m; is the inflation



rate log(Ps+1/P;) and o the curvature of the utility function u at y; =v}.> The
disturbances are assumed to show up as the terms v1; and vo;, and the AS
equation shows that output is purely a function of the disturbances.

2.2 Frictions in price setting

We now follow Calvo (1983) by assuming the following kind of friction in the
setting of prices: rather than letting all producers change their prices every
period, a price may be changed with probability 1 — «. With probability «, the
price must stay the same as last period.

When a producer is given the opportunity to change the price, the price that
is set is not necessarily the same as the optimal price in the frictionless model.
This is because there is a positive probability « that next time, the price cannot
be changed, so that it holds for more than one period. Thus the producer will
want to maximize an expression like

max Ly {Z o B TI(PY, Pryiy Yerk Mk So,04k) }
P/ k=0

where II is the ‘profit’-function.* Log-linearizing the above expression around

Y: =Y; and ploughing through a fair amount of algebra, we obtain a new AS
equation, which looks like

Ty = (ZJt - yf) + BE¢Ti41, where

o Izla)(laﬁ)<W+0>>o

« 1+ wo

and where w is the curvature of v at Y, =v; and §; is the solution for § for
the flexible-price case. We can now write a third version of our macro model,
subject to price rigidities.

log M; — log P, = NyYt — N;Te + Vi LM
¢ = Eyfjeyr — 217 — By + g IS
me =k (§e — G ) + BETi4a AS

We have slightly rewritten equation IS, and named the modified disturbance
term g;. Taking the real side of the economy, IS and AS, we can now show the
use of monetary policy rules.

3This curvature is given by —u/ (v})v}/u/(v}).
10f course these yeoman-farmers do not think of profit in the proper sense, but they do
maximize something similar.



2.3 A policy rule in the model

The system AS-IS above can be amended with a policy rule for the interest rate,

Tt = Qe + Pyt

Using this rule, we can get rid of the #; in IS. Defining z; = [m¢, y¢]’, st = [9¢, ¥5|’
and substituting in the rule, we have a system that may be represented as

Zy = AZt + BEZt+1 + CSt. (9)
By invoking rational expectations, we can write

zZy = (I — A)ilBEZH,] + (I — A)flcst

= (I- A)_lci ((17 A)—lB)iEtsm
1=0

where the last step holds if H(I — A)leH < 1. Assuming a VAR process for

the shocks, this gives a unique bounded solution for the system. This solution
shows how the economy will dynamically respond to a series of shocks {s;}.

An important point needs to be made here. Every time the monetary policy
rule is substituted in we must have assumed that the rule is known and credible;
otherwise it does not work. Would the central bank take the same actions by
surprise, the effects would be different. Thus, precommitment by the bank is
crucial for the outcome.

3 A ranking criterion

With the tools we have developed, we can analyze the workings of the economy
under different policy rules. To compare the desirability of the different out-
comes, a welfare criterion must be specified. Because of the micro-foundations
of our model, this criterion can be found relatively straightforwardly. We could,
for instance, look at the maximand of the consumers in formula (2).

Because we will be looking at steady states, an equivalent measure is found
by looking at the expression for one period,

1
E {U (Ct;fl,t) *A v (95552,1‘) dz+w (%35%)} .

Given that consumers are identical all arguments are aggregate variables. In
equilibrium, ¢; = y7 for all 2.

A number of assumptions go into the construction of a criterion from this
expression. First of all, the m;/p;-term is neglected, focusing attention on the
real side of the economy. Furthermore, we will look at only a second order
Taylor expansion around a steady state with zero disturbances. A number of
other assumptions will follow during the construction.



We start with the terms involving u (-). Define § = log (y+/y*), then it is
possible to write the expansion as

* * [ o~ 1 ~ 1 *2
u(ysé ) = u(y*,0)+uy <yt + 51/?) g€y + Suecy™ v

R 1
Fucey Jiy s + 5“555%,1‘ +0 (||f?ft||)

From this, we can ignore the terms that are independent of policy (t.i.p., terms
that do not change as the policy rule is changed), and take expectations to find

E(u) = uy™ |E(Y) + % (1-o0) E(g])2 + % (1 —o)var (9) + ocov (g, ct)

+ tip. + O (||€)

where ¢; = —ucely 4 /Uecy™.
A similar computation can be made for the second term, involving v (-),
which comes out as

Wy 1B )+ 5 (14 @) B9 + 3 (1+)var (3) — weov (3,9)
—I—% (6'_1 + w) E {var, (logy{)}] + t.ip.+O (H53H)

where gy = —vye&y 4 /vy Y™

Two further assumptions now facilitate the summation of these two terms.
First of all, assume that u. = v,. This means that the steady-state level of
output is always efficient, in spite of the shocks. This may be caused by the use of
other instruments. Secondly, assume that other policy instruments are adjusted
such that E () = 0 regardless of monetary policy. This greatly simplifies the
criterion, which may now be written as

*
Ucy

W 2

(c+w)var(g—9°) + (971 +w) E (var, (logy7))
——— N—— ——
Variability of the output gap Dispersion of output levels

+tip.+ 0 (||€7])

The term that quantifies the impact of the dispersion of output levels is only
invoked when there is some sort of price rigidity causing the dispersion. Until
now we have not made any assumptions about the way in which prices are set.
We will use the Calvo-mechanism we have used before to allow for some rigidity.
This means that each period, a fraction « of the producers cannot change their
price.

The appearance of W changes somewhat after the Calvo-rule is used. It now
reads

o) e+ i O[]



Here, £ may be viewed as the actual stabilization loss, and 7*? as the average
rate of loss. It turns out that

c=U aa)Q ( 9"1++“w> var (5 — §°) + var ().

The result that the loss function ultimately depends on a weighted average
of the variation in output and the variation in inflation is not unfamiliar in
macroeconomics. It has often been assumed without a micro-foundation that
such a criterion could be relevant. The advantage of this form is that the
weights of the two variations are given by the model, rather than picked by the
economist.

Note that we started out by omitting losses due to monetary fluctuations,
looking only at production and consumption. However, the criterion that we
found shows that there still is an aversion to inflation (both in level and in
variation).

4 Feasibility of policy rules

Now that we have a criterion by which we can rank the different rules, we might
want to look for the rule that minimizes it. This would be the rule that caused
zero inflation in every period. However, we must take into account that only a
limited amount of information about the economy is known, so that in practice
it may not be possible to formulate a rule that produces m = 0.

We again post a version of our macro model, leaving out the LM equation®
but adding a policy rule.

Ty = Kigt + /GEtﬂ-t-i-l AS
Ji = —2lre — Bymeyr — 7] + Eyfien IS
Te = QrT + QU + PR

where §; = y; — y§ is deviation in output and r}' = o (g: + Ewys, | — y) is the
combined effect of all disturbances. The rule PR allows for an exogenous shock
q¢ by the policy makers.

5 - - .
°The LM equation determines the demand of money but does not influence the real econ-
omy in this model.



We can now explicitly write down a system such as (9). There holds that
(1) - (55 ()
Yt By T

l w K Etﬂ-t—i-l . l Y (q . ’I"n)
A\ i=Lem 1 By 1 o\ 1 L

o+ kT + P,

g

A:

From here we can answer a number of important questions. One question might
be whether the economy has a determinate rational expectations solution. The
answer lies in the properties of matrix B: if both eigenvalues lie inside the unit
circle such an equilibrium exists. It can be shown that this condition is satisfied
if ¢, > 1 and ¢, > 0; this is not a necessary condition, however.

Another question, given that a solution exists, might be what the effect of
the original shocks £, &, and &5 would be on output and inflation. The answer
to that question can be found by examining the effect of the {’s on ry" and
looking at B and C.

The effects of exogenous shock ¢; can also be derived from this system. It
appears that a policy strategy that sets ¢ = r} for all ¢ would result in the
minimum possible loss criterion, for all values of ¢, and ¢, that generate a
determinate solution. The practical feasibility of such a policy is questionable,
however.

5 Quantification and counterfactuals

Now that the model is completed, professor Woodford showed how we can ana-
lyze real-world monetary policy in terms of policy rules, and try how alternative
rules might have fared under the shocks that actually occured. The methodology
runs as follows:

1. Estimate an unrestricted VAR model of the interest rate, the inflation rate
and output.

2. Choose the parameters of the structural model so that the predicted re-
sponse to monetary policy agrees with the VAR estimate.

3. Using the quantitative specification of the structural model, and the VAR
to model the expectations, identify the shocks that actually occured by
the residuals of the equations when fit to the data.

4. The parametrized model and the shocks can now be used to simulate the
consequences of counterfactual monetary policy rules for the evolution of

{Ttaﬂ-tayt}-

5. Using the criterion derived in section 3, evaluate the welfare consequences
of alternative policy regimes.



The period over which the analysis is conducted is 1979-95. The model that
is used is a little different from the one described above, incorporating a two-
period decision lag for goods purchases. This adaption was made to accomodate
the data. Also, there are decision lags in pricing by suppliers, which differ across
goods. Without these adaptions, shocks would affect the real economy almost
immediately; this is contradicted by the data.

We already noticed that a rule that causes zero inflation would be infeasible,
because there is not enough information to ‘fuel’ such a rule. We could solve
for the best value of W given that the rule can only depend on known variables.
However, it turns out that such a rule will cause negative interest rates at certain
points in time: a practical impossibility.

To avoid this problem, we can impose a condition that adds a penalty for
interest rate variability to the loss-criterion. The optimal rule that comes out
this problem is indeed feasible, but not very practical as it is very complicated
(imagine how it uses all available information to come up with the best interest
rate).

The rules that validate real interest are those that are simple in structure,
yet imply a value for the loss criterion that is close to optimal. In Rotemberg
and Woodford (1998), three such rules are discussed:

1. A generalized Taylor rule: r; = amy + by + cre—1.

2. Dependence on lagged data: r; = amy—1 + bys—1 + cr—1. This is the above
rule in the case where data becomes available with a lag.

3. Price level targeting: vy = aP; + by; + cry—1. This rule can also be applied
in a ‘lagged’ version.

In each case the question is what the optimal parameters a, b, and c are,
whether the rule generates determinate paths for the state variables, and how
much the loss criterion is minimized. We look only at the rules in case 1, the
others may be found in the paper.

For rules in category I with c set to zero, the optimal values are a = 2.88
and b = 0.02. This is different, but not shockingly so, from Taylor’s (1993)
values. Rotemberg and Woodford (1998) show how the loss criterion behaves
for different a’s and b’s in a diagram. The value of the loss criterion gets very
close to that attained in the optimal case discussed above. Rules in category
1 with ¢ unequal to zero include a feedback mechanism in r;. Surprisingly,
diagrams show that the rule generates stable paths for values of ¢ as high as 10!
This is due to the fact that the rule is a promise to raise interest rates, which
is not necessarily carried out. The optimal value is close to the previous one:
a=1.22b6=0.06 and ¢ = 1.28.

For the above optimal rules, the counterfactual loss criterion is lower than
it was in the real case. This suggests that something can be gained studying
these optimal rules.
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6 Conclusions

At the end of the lectures, a number of important conclusions could be drawn.
The most striking result probably is that a simple (backward-looking) Taylor-
type rule can achieve outcomes that are nearly as good as those achievable by
any policy. This suggests that those rules can be a valuable yet inexpensive tool
for central banks.

It is often suggested that a central bank’s policy should be forward-looking,
that the bank should carry out ‘preemptive strikes’ before a problem actually
occurs. This model shows that such is not necessary, as long as the economic
agents themselves are forward looking. The promise of the central bank to raise
interest rates in certain cases, laid down in a Taylor rule, is enough to stop those
cases from happening. The credibility of such a promise is, of course, essential.

Because data often takes time to reach the economist, it is reassuring that
the performance of the rules is but weakly affected by the use of lagged data.

Rules that specify short-term interest rates should incorporate the lagged
endogenous variable as a regressor, with a coefficient larger than one. Because
of rational expectations, this will not result in instability of the economy. There
is little gain from making the rule dependent on realized values of aggregate
production.

Of course all these conclusions stand or fall with the faith that one puts in
the simple macro model that they come from. However, the ability of the model
to mimic real data is encouraging, as is the fact that Taylor rules can very well
explain past monetary policy. Thus, applying them in the future should not be
a step in the dark.

The lectures that professor Woodford gave in Wageningen were by no means
‘an easy ride,” but with this impressive list of conclusions well worth the effort.
Future data will show whether this work has had impact on the workings of,
say, the European central bank.
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Palm/Nijman MU/KUB Theory and application of modeling volatility in financial economics
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The macroeconomics of monopolistic competition
Theory of incomplete markets

Nonlinear economic dynamics
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International environmental policies
Exchange rate economics
Economics of foreign exchange markets
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Efficiency and productivity analysis
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Decision-making on intergenerational transfers
Options pricing theory
Behavioral Finance
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Financial risk management
Advanced monetary economics
Prospect theory
Latent variables and methods of moments estimation
Econometric methods in marketing
Overlapping generations models
Behavioural modelling of government decision-making
Economics of transition
Endogenous growth theory
Law and economics
Topics in international trade
Economies with a continuum of agents
Transport economics
Infrastructure and economic development



